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Oxlv Frufk￿q dqg L￿ljr Lwxueh0Rupdhw{h
ZS0DG <:054
Fruuhvsrqghqfh wr Oxlv F1 Frufk￿q= Ghsduwdphqwr gh Hfrqrp￿d/ Xqlyhuvlgdg Fduorv LLL
gh Pdgulg/ f2 Pdgulg 459/ 5;<36 Pdgulg/ Vsdlq1 Skrqh= +67,0<40957<94:1 Id{= +67,0<40
957<;:81 H0pdlo= ofrufkrqChfr1xf6p1hv
Hglwru= Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrq￿plfdv/ v1d1
Iluvw Hglwlrq Rfwxeuh 4<<:
Ghs￿vlwr Ohjdo= Y￿744404<<:
LVEQ= ;707;50493:08
LYLH zrunlqj sdshuv r￿hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu zd| lq rughu
wr hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl￿f mrxuqdov iru wkhlu ￿qdo
sxeolfdwlrq1
- Zh wkdqn Fduphq Ehyl￿ iru pdq| yhu| xvhixo frpphqwv1 Zh dovr wkdqn
Mrv￿ Dofdogh/ Vxelu Fkdwwrsdgk|d|/ Oduu| Nudqlfk/ Qlfrodl Nxnxvknlq/ Møuj Qdhyh/
Ljqdflr Ruwx￿r0Ruw￿q/ Sdeor Uhylood/ Mrkq H1 Urhphu/ Jxdgdoxsh Ydohud/ wzr dqrq|0
prxv uhihuhhv dqg vhplqdu sduwlflsdqwv dw Xqlyhuvlwlhv ri Dolfdqwh dqg Dxwıqrpd gh
Edufhorqd iru khosixo frpphqwv1 Zh wkdqn ￿qdqfldo vxssruw iurp Lqvwlwxwr Ydohq0
fldqr gh Lqyhvwljdflrqhv Hfrq￿plfdv1 Wkh ￿uvw dxwkru wkdqnv ￿qdqfldo vxssruw iurp
GJLF\W SE<603<731 Wkh vhfrqg dxwkru wkdqnv wkh krvslwdolw| ri Mrkq Urhphu xq0
ghu wkh surjudp Hfrqrp|/ Mxvwlfh dqg Vrflhw| ri wkh Xqlyhuvlw| ri Fdoliruqld dw Gdylv
dqg ￿qdqfldo vxssruw iurp GJLF\W SE<704837 dqg wkh Vsdqlvk Plqlvwu| ri Hgxfd0
wlrq1
-- O1 Frufk￿q= Xqlyhuvlgdg Fduorv LLL gh Pdgulg1 L1 Lwxueh0Rupdhw{h= Xqlyhu0
vlgdg gh Dolfdqwh1
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Oxlv Frufk￿q dqg L￿ljr Lwxueh0Rupdhw{h
DEVWUDFW
Vr idu/ wkh Wkhru| ri Glvwulexwlyh Mxvwlfh kdv wulhg wr vlqjoh rxw d xqltxh fulwhulrq ri
Mxvwlfh1 Lq rxu rslqlrq/ zh olyh lq d zruog lq zklfk gl￿huhqw shrsoh krog frq lfwlqj
lghdv derxw mxvwlfh1 Zh sursrvh d surfhgxuh iru uhsuhvhqwlqj wkhvh lqglylgxdo rslq0
lrqv/ e| phdqv ri zkdw zh fdoo ￿dvsludwlrq ixqfwlrqv￿/ dqg zh suhvhqw lq wklv sdshu
wkuhh gl￿huhqw zd|v ri djjuhjdwlqj vxfk rssrvlqj rslqlrqv lqwr d vrfldoo| dffhswdeoh
mxgjhphqw1 Ixuwkhupruh/ zh vkrz wkdw pdq| zhoo0nqrzq frqfhswv duh vshfldo fdvhv ri
rxu dssurdfk1 Zh vwxg|/ xqghu d uhvwulfwlrq rq wkh irup ri wkh dvsludwlrq ixqfwlrqv/
wkh frqglwlrqv wkdw duh qhfhvvdu| dqg vx!flhqw iru d vrfldo fkrlfh fruuhvsrqghqfh wr
eh jhqhudwhg iurp dq| ri rxu frqfhswv1
Nh|zrugv= Glvwulexwlyh Mxvwlfh> Idluqhvv1
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Wkh wkhru| ri glvwulexwlyh mxvwlfh vwxglhv ￿krz d vrflhw| ru jurxs vkrxog doorfdwh lwv
vfdufh uhvrxufhv ru surgxfw dprqj lqglylgxdov zlwk frpshwlqj qhhgv ru fodlpv￿ +Urh0
phu ^58‘/ s14,1 Dw wkh ulvn ri ehlqj vlpsolvwlf/ wkhuh kdyh ehhq wzr pdlq dssurdfkhv
wr wkh wkhru| ri glvwulexwlyh mxvwlfh +d ghwdlohg dffrxqw ri wklv wkhru| lv surylghg e|
Vhq ^5:‘ dqg Urhphu ^58‘,1 Iluvw wkh Vrfldo Zhoiduh Ixqfwlrq +VZI, dssurdfk/ lq
zklfk wkh dlp lv wr surylgh d frpsohwh vrfldo udqnlqj ri doo ihdvleoh dowhuqdwlyhv1 Wkh
VZI lv wkh uhsuhvhqwdwlrq ri wklv vrfldo udqnlqj lq whupv ri d ixqfwlrq1 H{dpsohv
ri VZIv duh wkh xwlolwduldq +sursrvhg e| M1 Ehqwkdp,/ wkh pd{lplq +sursrvhg e| M1
Udzov, ru wkh surgxfw ri xwlolwlhv +sursrvhg e| M1 Qdvk lq wkh frqwh{w ri edujdlqlqj,1
Wkh zrun ri N1 M1 Duurz rq krz wr ghulyh d VZI iurp lqglylgxdo suhihuhqfhv lv/
dffruglqj wr Vhq +^5:‘/ s1 43:7,= ￿11wkh elj edqj wkdw fkdudfwhul}hg wkh ehjlqqlqj￿
ri Vrfldo Fkrlfh wkhru|1 Wkh vhfrqg dssurdfk sursrvhv wkh xvh ri d Vrfldo Fkrlfh
Fruuhvsrqghqfh +VFF,/ zklfk lv d pds iurp wkh vhw ri hfrqrplhv lqwr wkh vhw ri
ihdvleoh doorfdwlrqv1 Wklv eudqfk ri glvwulexwlyh mxvwlfh dlpv ￿11qr pruh wkdq vhsd0
udwh rxw d vxevhw ri wkh vhw ri vrfldo vwdwhv iru vshfldo frpphqgdwlrq￿ +Vhq ^5:‘/ s1
4439,1 Vrph VFFv duh fkdudfwhul}hg e| surshuwlhv wkdw uhodwh gl￿huhqw hfrqrplhv
vxfk dv frqvlvwhqf| ru srsxodwlrq prqrwrqlflw| +vhh/ h1j1 Dxpdqq dqg Pdvfkohu ^5‘
dqg Wkrpvrq dqg Ohqvehuj ^66‘,1 Iru dq ryhuylhz ri wklv olwhudwxuh vhh Prxolq ^46‘
dqg Urhphu ^58‘1 Rwkhu VFFv duh gh￿qhg e| vhohfwlqj lq hdfk hfrqrp| wkrvh do0
orfdwlrqv ixo￿oolqj fhuwdlq surshuwlhv= wkh hqy|0iuhh fruuhvsrqghqfh +Iroh| ^:‘4,/ wkh
sursruwlrqdo vroxwlrq +Urhphu dqg Vloyhvwuh ^59‘, dqg wkh hjdolwduldq0htxlydohqw fru0
uhvsrqghqfh +Sd}qhu dqg Vfkphlgohu ^53‘,1 Zh vkdoo fdoo wklv vxe0dssurdfk/ Idluqhvv
+vhh Wkrpvrq dqg Yduldq ^67‘ dqg Duqvshujhu ^4‘,1
Lq doo ri wkhvh frqwulexwlrqv/ krzhyhu/ wkh fulwhulrq ri mxvwlfh lv hlwkhu d{lrpdwlfdoo|
mxvwl￿hg ru pdgh sodxvleoh e| dsshdolqj wr lqwxlwlrq1 Wkh fulwhulrq ri mxvwlfh lv qhyhu
ghulyhg iurp shrsoh*v rslqlrqv1 Lqghhg/ rqh lqwhusuhwdwlrq ri wkhvh frqwulexwlrqv lv
wkdw shrsoh gr qrw kdyh dq| rslqlrqv derxw mxvwlfh dqg qhhg wr eh hqoljkwhqhg e|
dq lpsduwldo revhuyhu zkr lv hqgrzhg zlwk wkh dssursuldwh wrrov wr ghdo zlwk wkh
sureohpv ri glvwulexwlyh mxvwlfh +dqrwkhu lqwhusuhwdwlrq zrxog eh wkdw wkh jhqhudo
rslqlrq derxw mxvwlfh lv xqdqlprxv,1 Lw frxog eh dujxhg wkdw shrsoh*v suhihuhqfhv fdq
4Vhh dovr Yduldq ^69‘/^6:‘/ Gdqlho ^7‘ dqg Slnhww| ^54‘1
6lqfrusrudwh mxgjhphqwv derxw mxvwlfh1 Wkh vwdqgdug dssurdfkhv/ krzhyhu/ gr qrw
surylgh d iudphzrun wkdw hqdeohv xv wr glvwlqjxlvk ehwzhhq suhihuhqfhv ￿shu vh￿ dqg
mxgjhphqwv derxw mxvwlfh1
Lq wklv sdshu/ zh frqvlghu d vlwxdwlrq lq zklfk shrsoh pd| kdyh frq lfwlqj lghdv
derxw zkdw wkh| ghvhuyh/ dqg zh sursrvh d iudphzrun lq zklfk zh ghdo zlwk wklv
sureohp1 Rxu iudphzrun doorzv xv wr uhlqwhusuhw pdq| zhoo0nqrzq VFFv dqg frq0
fhswv ri idluqhvv dv vshfldo fdvhv ri rxu dssurdfk1
Zh ￿uvw irupdol}h wkh lghd wkdw dq lqglylgxdo kdv derxw wkh idluqhvv ri d sduwlfx0
odu doorfdwlrq/ e| dvvxplqj wkdw iru hyhu| hfrqrp| dqg iru hyhu| ihdvleoh doorfdwlrq/
hdfk lqglylgxdo kdv zkdw zh fdoo dq ￿dvsludwlrq/￿ zklfk lv d ehqfkpdun frqvxps0
wlrq exqgoh iru khu15 Frqvlghu/ iru lqvwdqfh/ dq Hgjhzruwk er{ +wzr shrsoh/ wzr
frpprglwlhv, dqg vxssrvh wkdw Puv1 4 lv d juhhg| shuvrq zkr fdq qhyhu jhw hqrxjk1
Khu dvsludwlrq/ jlyhq wkdw vkh frqvxphv {￿> lv {￿ . ￿/ zkhuh ￿ lv vwulfwo| srvlwlyh1
Pu1 5/ rq wkh frqwudu|/ lv d frqiruplvw zkr dozd|v wklqnv wkdw kh lv jhwwlqj hqrxjk1
Klv dvsludwlrq/ jlyhq wkdw kh frqvxphv {2> lv {21 Dowhuqdwlyho|/ ohw xv vxssrvh wkdw
Puv1 4*v dvsludwlrq lv {2 dqg ylfh yhuvd1 Wkh odwwhu dvsludwlrqv duh wkrvh xvhg e| wkh
hqy|0iuhh fruuhvsrqghqfh1 Lw lv fohdu wkdw pdq| rwkhu dvsludwlrqv duh srvvleoh1
Zh dvvxph wkdw wkh dvsludwlrq ri hdfk lqglylgxdo frqwdlqv khu wuxh lghdv derxw
zkdw vkh wklqnv vkh ghvhuyhv lq d jlyhq doorfdwlrq1 Wkuhh uhpdunv duh lq rughu khuh1
Iluvwo|/ wkhuh duh qr lqfhqwlyh frqvlghudwlrqv= zh dvvxph wkdw shrsoh gr qrw dwwhpsw
wr glvwruw wkhlu wuxh dvsludwlrqv lq rughu wr rewdlq dq dgydqwdjh/ vr wkdw wkh dvslud0
wlrqv uh hfw hdfk lqglylgxdo*v wuxh rslqlrq derxw mxvwlfh1 Vhfrqgo|/ zh dvvxph wkdw
lqglylgxdov duh hqgrzhg zlwk wkh pdwxulw| dqg nqrzohgjh qhfhvvdu| wr irup dvsl0
udwlrqv ￿fruuhfwo|￿/ l1h1 zh gr qrw ghdo zlwk wkh sureohp ri wkh ￿wdphg krxvhzlih￿
+vhh/ iru h{dpsoh/ Vhq ^5;‘,1 Ilqdoo|/ zh gr qrw ghdo zlwk krz dvsludwlrqv duh iruphg1
Zh uhfrjql}h wkdw wkhvh wkuhh srlqwv duh lqghhg lpsruwdqw/ exw wklv sdshu pxvw eh
uhjdughg dv d ￿uvw dssurdfk wr wkh sureohp/ frqfhqwudwlqj rq wkh h￿hfwv ri wkh frq0
fhswv ri mxvwlfh rq uhvrxufh doorfdwlrq/ exw zlwkrxw r￿hulqj dq h{sodqdwlrq ri krz
wkhvh lghdv duh +ru vkrxog eh, iruphg1
Jlyhq wkh dvsludwlrqv/ zh qhhg wr ghflgh rq wkh idluqhvv ri d jlyhq doorfdwlrq1 Wklv
5Urhphu ^55‘ xvhg wkh lghd ri d ehqfkpdun doorfdwlrq djdlqvw zklfk wr mxgjh zkhwkhu wkhuh lv
h{sorlwdwlrq lq d jlyhq doorfdwlrq1 Kh gh￿qhg dv wkh ehqfkpdun doorfdwlrq wkh fkdudfwhulvwlf ixqfwlrq
ri d frrshudwlyh jdph dqg suryhg wkdw wkh vhw ri qrq0h{sorlwdwlyh doorfdwlrqv lv wkh fruh ri wkdw jdph1
7sdshu wdnhv wkh ylhz wkdw wkh qrupdwlyh mxgjhphqwv ri wkh vrflhw| pxvw eh uhvsrqvlyh
wr shrsoh*v dvsludwlrqv1 Zh pd| zhoo dvn rxuvhoyhv zk| vrfldo mxgjhphqwv vkrxog
ghshqg rq shrsoh*v dvsludwlrqv zklfk pljkw hdvlo| eh duelwudu|1 Rxu srvlwlrq rq wklv
srlqw lv wkdw dvsludwlrqv wrjhwkhu zlwk wdvwhv duh wkh exloglqj eorfnv ri glvwulexwlyh
mxvwlfh1 Wkhuh lv qr uhdvrq wr glvfdug rqh zlwkrxw glvfduglqj wkh rwkhu1 Wr glvfdug
shrsoh*v dvsludwlrqv zkhq hydoxdwlqj glvwulexwlyh mxvwlfh/ ehfdxvh vrph shrsoh pljkw
krog irrolvk dvsludwlrqv/ zrxog eh olnh glvfduglqj wdvwhv ehfdxvh ri wkh h{lvwhqfh ri
irrolvk wdvwhv1
Zh sursrvh wkuhh gl￿huhqw surfhgxuhv wr ghulyh vrfldo mxgjhphqwv iurp lqglylgxdo
dvsludwlrqv1 Wkhvh surfhgxuhv kdyh ehhq fkrvhq ehfdxvh wkh| duh qdwxudo jhqhudol}d0
wlrqv ri qrwlrqv wkdw kdyh douhdg| dsshduhg lq wkh olwhudwxuh rq idluqhvv1 Wkh ￿uvw
rqh ohdgv xv wr wkh vhw ri doorfdwlrqv wkdw zh fdoo Dghtxdwh/ zkhuh hyhu|erg| jhwv
h{dfwo| wkh vdph xwlolw| dv wkh| kdyh lq wkhlu dvsludwlrqv1 Wkh vhfrqg lv wkh vhw ri
Vdwlvidfwru| doorfdwlrqv/ zkhuh hyhu|erg| jhwv dw ohdvw wkh vdph xwlolw| dv wkh| kdyh
lq wkhlu dvsludwlrqv1 Ilqdoo|/ zh kdyh wkh vhw ri Xqeldvhg doorfdwlrqv/ zkhuh hlwkhu
hyhu|erg| lv dw ohdvw dv zhoo0r￿ ru hyhu|erg| lv zruvh wkdq lq wkhlu dvsludwlrqv1 Wkh
uhdvrq ri wklv odwwhu qrwlrq lv wkdw/ li rqh lqglylgxdo kdsshqv wr eh ehwwhu r￿ wkdq
khu uhihuhqfh srlqw/ dqg rwkhuv duh zruvh r￿/ wkh vroxwlrq lv wuhdwlqj wkhp dv|pphw0
ulfdoo|1 Qrwh wkdw li zh xvh wkh vdph dvsludwlrqv zlwk rxu wkuhh suhylrxv frqfhswv/
wkh wkuhh vhwv zloo eh uhodwhg e| lqfoxvlrq1
Lq Vhfwlrq 5/ zh suhvhqw d jhqhudo prgho dqg wkh gh￿qlwlrqv ri rxu wkuhh sursrvdov1
Zh lqyhvwljdwh wkh srvvlelolw| wkdw wkh lqwhuvhfwlrq ri wkh vhw ri doorfdwlrqv wkdw ixo￿oo
dq| ri rxu wkuhh gh￿qlwlrqv zlwk wkh vhw ri Sduhwr h!flhqw doorfdwlrqv lv qrq0hpsw|
iru jlyhq dvsludwlrqv1 Zh suryh wkdw wklv lv rqo| wkh fdvh iru wkh vhw ri Xqeldvhg
doorfdwlrqv +Wkhruhp 4,1
Lq Vhfwlrq 6/ zh lqyhvwljdwh zkhwkhu wkh doorfdwlrqv vhohfwhg e| d jlyhq Vrfldo
Fkrlfh Fruuhvsrqghqfh +VFF, frlqflgh zlwk wkh vhw ri doorfdwlrqv wkdw duh Dghtxdwh
+uhvs1 Vdwlvidfwru|, iru vrph dvsludwlrqv1 Lq vxfk d fdvh/ zh vd| wkdw wkh VFF lv
dwwdlqdeoh lq dq Dghtxdwh +uhvs1 Vdwlvidfwru|, zd|1 Zh uhvwulfw rxu dqdo|vlv wr wkrvh
dvsludwlrqv wkdw duh ghfhqwudol}hg lq wkh iroorzlqj zd|= wkh dvsludwlrq ixqfwlrq ri
hyhu| lqglylgxdo lv lqghshqghqw ri wkh suhihuhqfhv ri rwkhu lqglylgxdov1 Zh suryh
wkdw wkhuh lv d frqglwlrq/ zklfk zh fdoo Qrq0R￿vhwwlqj Yhwr/ wkdw lv qhfhvvdu| dqg
8vx!flhqw iru dq| VFF wr eh dwwdlqdeoh/ hlwkhu lq dq Dghtxdwh ru d Vdwlvidfwru| zd|
+Wkhruhp 5,1 Qh{w/ zh xvh Qrq0R￿vhwwlqj Yhwr wr whvw zkhwkhu zhoo0nqrzq VFFv
+vxfk dv Sduhwr fruuhvsrqghqfh/ Zdoudvldq fruuhvsrqghqfh/ hwf1, dqg surshuwlhv olnh
Pdvnlq Prqrwrqlflw|/ Frqvlvwhqf| dqg Srsxodwlrq Prqrwrqlflw| fdq eh jhqhudwhg e|
rxu qrwlrqv ri mxvwlfh ru qrw1
Lq Vhfwlrq 7 zh vwxg| wkh frqfhsw ri Xqeldvhg doorfdwlrqv1 Zh uhvwulfw rxu dw0
whqwlrq wr wkrvh VFFv wkdw duh Sduhwr h!flhqw dqg zh sursrvh d zhdnhu qrwlrq ri
dwwdlqdelolw|1 Zh vd| wkdw d VFF lv zhdno| dwwdlqdeoh lq dq Xqeldvhg zd|/ li wkh
doorfdwlrqv vhohfwhg e| wkdw VFF frlqflgh zlwk wkh lqwhuvhfwlrq ri wkh vhw ri Sduhwr
h!flhqw doorfdwlrqv dqg wkh vhw ri doorfdwlrqv wkdw duh Xqeldvhg iru vrph dvsludwlrqv1
Zh suhvhqw d frqglwlrq fdoohg Vhohfwlyh R￿vhwwlqj Yhwr wkdw dq| Sduhwr h!flhqw VFF
pxvw vdwlvi| lq rughu wr eh zhdno| dwwdlqdeoh lq dq Xqeldvhg zd|1 Wklv frqglwlrq lv
vx!flhqw lq wkh fdvh ri wzr djhqwv exw qrw zlwk wkuhh ru pruh +Wkhruhp 6,1 Djdlq/
zh fkhfn li wkh fruuhvsrqghqfhv dqg surshuwlhv phqwlrqhg deryh vdwlvi| Vhohfwlyh
R￿vhwwlqj Yhwr1
Ilqdoo|/ lq Vhfwlrq 8 zh suhvhqw vrph ￿qdo uhpdunv dqg rxwolqh sdwkv iru ixwxuh
uhvhdufk1
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Wkhuh duh q +￿ 5, lqglylgxdov1 Iru doo l @4 >==>q ohw [￿ eh khu frqvxpswlrq vhw/
x￿ = [￿ $ U khu xwlolw| ixqfwlrq dqg X￿ wkh vhw ri doo khu dgplvvleoh xwlolw| ixqfwlrqv1
Ohw X ￿ X￿￿==￿X?= Ohw D ￿ [ ￿ [￿￿==￿[? eh wkh vhw ri ihdvleoh doorfdwlrqv/ 5￿ wkh
srzhu vhw ri D dqg d @ +d￿>==>d?, 5 D dq doorfdwlrq1 Zh dvvxph wkdw D lv ￿{hg dqg
wkxv/ dq hfrqrp| lv dq hohphqw ri X ghqrwhg e| x1DVrfldo Fkrlfh Fruuhvsrqghqfh
+VFF lq wkh vhtxho, lv d pdsslqj/ ghqrwhg e| V> iurp X lqwr 5￿qi>j= Wkh Sduhwr
fruuhvsrqghqfh S lv wkh VFF zklfk pdsv hyhu| x lq X lqwr wkh doorfdwlrqv wkdw duh
Sduhwr h!flhqw iru x1
Zh vshoo rxw wkuhh prghov wkdw zh zloo xvh wr looxvwudwh rxu lghdv1 Xqohvv vshfl￿hg
rwkhuzlvh/ doorfdwlrqv lq wkh wkuhh prghov ehorz zloo eh dvvxphg wr eh lqwhulru1
41 H{fkdqjh Hfrqrplhv1 Ohw h￿ 5 U6
nn eh wkh lqlwldo hqgrzphqwv ri lqglylgxdo l
zkhuh p ￿ 5 lv wkh qxpehu ri jrrgv1 Ghqrwh {￿￿ wkh dprxqw ri jrrg m frqvxphg
9e| lqglylgxdo l1 Wkhq d￿ @+ {￿￿>==>{ ￿6,>[ ￿ ￿ U6





￿’￿ h￿￿>;m @4 >==>pj= Xwlolw| ixqfwlrqv duh dvvxphg wr eh
frqwlqxrxvo| gl￿huhqwldeoh/ vwulfwo| lqfuhdvlqj dqg frqfdyh1
51 Surgxfwlrq Hfrqrplhv1 Wkhuh duh wzr jrrgv/ frqvxpswlrq dqg ohlvxuh1 Hyhu|
lqglylgxdo l kdv wkh vdph dprxqw ri wlph o 5 Un wr glylgh ehwzhhq oderu +o￿,
dqg ohlvxuh +o ￿ o￿,1 Wkh surgxfwlyh vnloo ri l lv ghqrwhg e| ￿￿ 5 Un= Lqglylgxdo




zkhuh {￿ lv khu frqvxpswlrq1 Zh
dvvxph wkdw xwlolw| ixqfwlrqv duh vwulfwo| lqfuhdvlqj rq {￿ dqg o￿o￿/ frqwlqxrxvo|
gl￿huhqwldeoh dqg frqfdyh1 Whfkqrorj| lv uhsuhvhqwhg e| d ixqfwlrq i = Un $
Un wkdw pdsv djjuhjdwh oderu/ phdvxuhg lq h!flhqf| xqlwv +
S?
￿’￿ ￿￿o￿,/ lqwr
rxwsxw= Zh dvvxph wkdw i lv vwulfwo| lqfuhdvlqj/ frqwlqxrxvo| gl￿huhqwldeoh dqg
frqfdyh1 Ilqdoo| D @ i+{>o, 5 [ m
S?
￿’￿ {￿ ￿ i+
S?
￿’￿￿￿o￿,j=
61 Hfrqrplhv zlwk Sxeolf Jrrgv1 Wkhuh duh wzr jrrgv/ wkh sxeolf jrrg dqg d
frqvxpswlrq jrrg1 Ohw h￿ 5 Un eh wkh hqgrzphqw ri l ri wkh sulydwh jrrg1
Ghqrwh e| {￿ +uhvs1 |￿, wkh frqvxpswlrq ri l ri wkh sulydwh +uhvs1 sxeolf,
jrrg1 Xwlolw| ixqfwlrqv duh dvvxphg wr eh vwulfwo| lqfuhdvlqj/ frqwlqxrxvo|
gl￿huhqwldeoh dqg frqfdyh= Wkh frvw ri surgxflqj wkh sxeolf jrrg lv f|￿ zlwk





Jrlqj edfn wr rxu jhqhudo prgho/ zh gh￿qh iru doo l d ixqfwlrq #￿ = D ￿ X $ [￿
zklfk zh fdoo wkh dvsludwlrq ixqfwlrq ri lqglylgxdo l1O h w # @+ #￿>==>#?,= Zh fdoo
#￿+d>x, wkh dvsludwlrq ri l= Zh pd| lqwhusuhw #￿+d>x, dv wkh exqgoh wkdw l wklqnv lv
idlu iru khu lq wkh hfrqrp| x li wkh doorfdwlrq lv d= Iru qrwdwlrqdo vlpsolflw| zh zloo
zulwh #￿+d, h{fhsw zkhq fkdqjhv lq wkh xwlolw| sur￿oh uhtxluh wkh xvh ri wkh lqlwldo
qrwdwlrq1 Qrwlfh wkdw #+d, 5 [￿ ￿==￿[? exw #+d, pd| eh xqihdvleoh= Zh fdq wklqn
ri pdq| srvvleoh dvsludwlrq ixqfwlrqv1 Wkh iroorzlqj h{dpsoh looxvwudwhv rqh ri wkhvh1
H{dpsoh 4 Lq d surgxfwlrq hfrqrp| x zlwk q @5 > wdnh d ihdvleoh doorfdwlrq +{>o,1
Ohw i+￿￿o￿ . ￿2o2, @ ￿￿o￿ . ￿2o2= Ohw xW eh dq hfrqrp| zkhuh erwk lqglylgxdov kdyh
wkh vdph xwlolw| ixqfwlrqv dv lq x> exw qrz wkh| dovr kdyh wkh vdph vnloo ohyho ￿W
vdwlvi|lqj ￿Wo￿.￿Wo2 @ ￿￿o￿.￿2o2= E| rxu dvvxpswlrqv/ dq| wzr Zdoudvldq htxloleuld
|lhog wkh vdph xwlolw| wr wkh frqvxphuv1 Ohw +{W>oW, eh rqh ri vxfk htxloleuld ri xW
+qrwlfh wkdw ￿/ xW dqg +{W>oW, ghshqg rq +o￿>o 2,,= Wdnh #￿ = D ￿ X $ [￿ vxfk wkdw
:#￿++{>o,>x,@+ {W
￿>oW
￿, iru l @4 >5= Wkxv/ wkh dvsludwlrq lq x lv wkh doorfdwlrq +{W>oW,/
wkdw lv ￿htxlwdeoh￿ iru dq hfrqrp| lq zklfk erwk lqglylgxdov duh htxdoo| vnloohg1
Qh{w/ zh kdyh wr ghflgh krz lqglylgxdo frpsdulvrqv ehwzhhq dvsludwlrqv dqg
exqgohv dfwxdoo| uhfhlyhg duh djjuhjdwhg lqwr d vrfldo mxgjhphqw1 Zh sursrvh wkuhh
gl￿huhqw zd|v ri grlqj vr1 Wkh ￿uvw lv dv iroorzv1
Gh￿qlwlrq 4 D ihdvleoh doorfdwlrq d lq x lv Dghtxdwh/ jlyhq #> li=
x￿+d￿,@x￿+#￿+d>x,, iru doo l1
Wklv gh￿qlwlrq lv uhodwhg wr wkh frqfhsw ri Hjdolwduldq0Htxlydohqw doorfdwlrqv sur0
srvhg e| Sd}qhu dqg Vfkphlgohu ^53‘1 Uhfdoo wkdw d 5 D lv Hjdolwduldq0Htxlydohqw li
wkhuh lv d }> vxfk wkdw x￿+d￿, @ x￿+}, iru doo l= Dq Hjdolwduldq0Htxlydohqw doorfdwlrq lv
Dghtxdwh e| wdnlqj dvsludwlrq ixqfwlrqv #￿+d>x, @ } iru l @4 >==>q= Dqrwkhu h{dpsoh
ri dq Dghtxdwh doorfdwlrq lv wkh Frqvwdqw0Uhwxuqv0Htxlydohqw fruuhvsrqghqfh sur0
srvhg e| Pdv0Frohoo ^44‘1 Lw vhohfwv dq h!flhqw doorfdwlrq wkdw doo lqglylgxdov ghhp
lqgl￿huhqw zlwk wkh exqgoh wkh| zrxog hqmr| lq vrph +k|srwkhwlfdo, hfrqrp| zkhuh
wkh whfkqrorj| lv olqhdu1 Vhh Urhphu +^58‘/ Fkdswhu 9, iru d glvfxvvlrq rq wklv dqg
Prxolq ^48‘ zkhuh wklv fruuhvsrqghqfh lv fkdudfwhul}hg16
Rxu qh{w sursrvdo vhohfwv d zlghu vhw ri doorfdwlrqv1 Iru hdfk djhqw/ vd| l/l ww d n h v
wkh xwlolw| ohyho x￿+#￿+d,, dv d orzhu erxqg1
Gh￿qlwlrq 5 D ihdvleoh doorfdwlrq d lq x lv Vdwlvidfwru|/ jlyhq #> li=
x￿+d￿, ￿ x￿+#￿+d>x,, iru doo l=
Dq h{dpsoh ri wklv lv wkh frqfhsw ri wkh Hqy|0Iuhh fruuhvsrqghqfh sursrvhg e|
Iroh| ^:‘1 Lq wklv fdvh #￿+d>x, lv frqvwuxfwhg e| wdnlqj wkh ehvw exqgoh iru l dprqj wkh
exqgohv ri wkh uhvw ri wkh djhqwv1 Lq h{fkdqjh hfrqrplhv/ e| vhwwlqj #￿+d, @ h￿ iru doo
l/ zh rewdlq wkh Lqglylgxdoo| Udwlrqdo fruuhvsrqghqfh1 Li wkhuh lv d frpprqo| rzqhg
exqgoh ￿ wkdw kdv wr eh glvwulexwhg dprqj lqglylgxdov/ e| doorzlqj #￿+d, @ ￿
?￿ iru doo
6Qdvk htxloleulxp fdq eh vhhq dv dq dghtxdwh doorfdwlrq1 Lq wklv fdvh/ wkh dvsludwlrq ri dq djhqw lv
wkh olvw ri vwudwhjlhv lq zklfk wkh vwudwhjlhv ri rwkhu djhqwv duh ￿{hg dqg khu rzq vwudwhj| pd{lpl}hv
khu xwlolw|1 Dq dvsludwlrq/ khuh/ lv zkdw fdq eh h￿hfwlyho| dfklhyhg e| dq djhqw dqg qrw zkdw vkh
wklqnv vkh ghvhuyhv1
;l zh rewdlq wkh Htxdo Vsolw Orzhu Erxqg fruuhvsrqghqfh/ d frqfhsw wkdw wudfhv edfn
wr Vwhlqkdxv ^5<‘1 Lq surgxfwlrq hfrqrplhv zh pd| frqvwuxfw dvsludwlrq ixqfwlrqv
dv iroorzv1 Ohw xv vxssrvh wkdw doo lqglylgxdov duh lghqwlfdo wr lqglylgxdo l= Di d l u
doorfdwlrq lq vxfk dq hfrqrp| zrxog eh wkdw hyhu|erg| zrunv wkh vdph qxpehu ri
krxuv dqg uhfhlyhv wkh vdph dprxqw ri frqvxpswlrq jrrgv1 Pruhryhu/ zh fdq vhohfw
wklv doorfdwlrq wr eh Sduhwr h!flhqw1 Fdoo lw +d￿
￿>==>d￿
?,= Wkhq wdnh #￿+d,@d￿
￿1 Wklv
lv wkh vr0fdoohg Xqdqlplw| Orzhu Erxqg lqwurgxfhg e| Jhyhuv ^;‘ +vhh dovr Prxolq
^48‘,1 Rwkhu h{dpsohv ri dvsludwlrq ixqfwlrqv wkdw |lhog Vdwlvidfwru| doorfdwlrqv fdq
eh irxqg lq Nrop ^<‘/ Wkrpvrq ^63‘/ Gldpdqwdudv dqg Wkrpvrq ^8‘/ Prxolq ^49‘/
Pdqltxhw ^43‘ dqg Iohxuedh| dqg Pdqltxhw ^9‘1
Lq wklv sdshu/ zh zlvk wr vwxg| wkh uhodwlrqvkls ehwzhhq wkh deryh frqfhswv dqg
wkh VFFv1 Rqh zd| ri grlqj vr lv wr uhvwulfw dvsludwlrq ixqfwlrqv e| phdqv ri vrph
frqglwlrqv dqg revhuyh wkh doorfdwlrqv wkdw duh Dghtxdwh ru Vdwlvidfwru|1 Wkhvh
doorfdwlrqv ydu| zlwk wkh hfrqrp| dqg/ wkxv/ zh kdyh d fruuhvsrqghqfh pdsslqj
hfrqrplhv lqwr doorfdwlrqv/ l1h1/ d VFF1 Xqohvv wkh frqglwlrqv lpsrvhg rq dvsludwlrq
ixqfwlrqv duh uhvwulfwlyh hqrxjk/ krzhyhu/ wklv uhvhdufk vwudwhj| lv xqolnho| wr vd|
dq|wklqj suhflvh derxw wkh VFFv jhqhudwhg lq wklv zd|1 Jlyhq wkdw zh nqrz yhu| olw0
woh derxw dvsludwlrqv/ wklv uhvhdufk vwudwhj| vhhpv d olwwoh kdvw| wr xv1 Rxu dssurdfk
khuh lv txlwh wkh rssrvlwh= Zh ￿{ d VFF dqg dvn li wkhuh duh dvsludwlrq ixqfwlrqv
vxfk wkdw/ iru hdfk hfrqrp| lq wkh grpdlq/ wkh doorfdwlrqv lq wkh udqjh ri wklv VFF
duh Dghtxdwh ru Vdwlvidfwru| +wkhvh dvsludwlrqv ehorqj wr d odujh fodvv fdoohg ￿ghfhq0
wudol}hg dvsludwlrqv/￿ gh￿qhg dw wkh ehjlqqlqj ri Vhfwlrq 6,1 Wkh pdlq dgydqwdjh ri
rxu surfhgxuh lv wkdw zlwk yhu| ihz dvvxpswlrqv/ zh lghqwli| wkh VFFv wkdw fdq qrw
eh jhqhudwhg dv hlwkhu Dghtxdwh ru Vdwlvidfwru|1 Zh dovr jhw vrph klqwv derxw wkh
nlqg ri dvsludwlrqv wkdw fdq eh xvhg ￿wr vxssruw￿ doorfdwlrqv lq wkh udqjh ri d VFF
dv Dghtxdwh ru dv Vdwlvidfwru|1 Zlwk wklv prwlydwlrq lq kdqg/ zh suhvhqw wkh pdlq
gh￿qlwlrq ri wkh sdshu1
Gh￿qlwlrq 6 Zh vd| wkdw d VFF V lv dwwdlqdeoh lq dq Dghtxdwh zd| +uhvs1 Vdwlv0
idfwru| zd|, li wkhuh lv # @ +#￿>==>#?, vxfk wkdw iru doo x lq X> d ehorqjv wr V+x, li
dqg rqo| li d lv dq Dghtxdwh doorfdwlrq +uhvs1 d Vdwlvidfwru| doorfdwlrq, iru #=
Qrwh wkdw zkhq d VFF lv dwwdlqdeoh lq dq Dghtxdwh zd|/ lw zloo qrw eh dwwdlqdeoh/
lq jhqhudo/ lq d Vdwlvidfwru| zd|/ zlwk wkh vdph dvsludwlrq ixqfwlrqv1 Wkh uhdvrq iru
<wklv lv wkdw/ zkloh doo Dghtxdwh doorfdwlrqv duh dovr Vdwlvidfwru|/ vrph doorfdwlrqv wkdw
duh qrw Dghtxdwh pd| zhoo eh Vdwlvidfwru|1
Rxu wklug sursrvdo vhohfwv dq hyhq zlghu vhw ri doorfdwlrqv1
Gh￿qlwlrq 7 D ihdvleoh doorfdwlrq d lq x lv Xqeldvhg/ jlyhq #> li dq| ri wkh wzr
iroorzlqj vwdwhphqwv krog=
l, x￿+d￿, ￿ x￿+#￿+d>x,, iru doo l ru
ll, x￿+d￿, ?x ￿+#￿+d>x,, iru doo l=
Li dq doorfdwlrq lv qrw Xqeldvhg/ vrph lqglylgxdov ihho glvdssrlqwhg zkhq wkh|
frpsduh wkhlu dfwxdo exqgohv zlwk wkhlu dvsludwlrqv/ zkloh rwkhuv duh vdwlv￿hg zlwk
zkdw wkh| jhw1 Zh ihho wkdw vxfk dq doorfdwlrq fdq qrw sdvv dq| plqlpdo idluqhvv
uhtxluhphqw dqg pxvw wkhuhiruh eh glvfdughg1 Wkxv/ wkh lghd ehklqg wklv frqfhsw lv
pruh rq wkh qhjdwlyh= dq| doorfdwlrq wkdw lv qrw Xqeldvhg fdq qrw eh frqvlghuhg dv d
sduw ri dq| uhdvrqdeoh vroxwlrq/ hyhq wkrxjk vrph Xqeldvhg doorfdwlrqv pd| qrw eh
uhdvrqdeoh dffruglqj wr vrph fulwhuld1
Wkh lghd ri Xqeldvhg doorfdwlrqv lv uhodwhg wr wkh frqfhsw ri Edodqfhg doorfd0
wlrqv sursrvhg e| Gdqlho ^7‘1 Li wkhuh duh rqo| wzr lqglylgxdov/ wkh vhw ri edodqfhg
doorfdwlrqv frqwdlqv doo hqy|0iuhh doorfdwlrqv/ soxv doo doorfdwlrqv zkhuh erwk lqglylg0
xdov suhihu wkhlu rssrqhqw*v exqgoh1 Wklv lv d vshfldo fdvh ri dq Xqeldvhg doorfdwlrq
iru vshfl￿f dvsludwlrq ixqfwlrqv/ qdpho| #￿+d>x, @ d2 dqg #2+d>x, @ d￿= Xqeldvhg
doorfdwlrqv duh yhu| forvh wr wkh frqfhswv ri wkh d{lrpv ri Xqlirup Suhihuhqfhv H{0
whuqdolw| dqg Xqlirup Jurxs H{whuqdolw| e| Prxolq ^47‘1 Lq wkh ￿uvw fdvh #￿+d>x,
lv zkdw wkh VFF dvvljqv wr lqglylgxdo l lq dq hfrqrp| zkhuh doo xwlolw| ixqfwlrqv
duh x￿= Lq wkh vhfrqg rqh #￿+d>x, lv zkdw l uhfhlyhv lq dq hfrqrp| zkhuh vkh lv wkh
vroh phpehu ri wkh vrflhw|= Wkh gl￿huhqfh ehwzhhq wkhvh frqfhswv dqg dq xqeldvhg
doorfdwlrq lv wkdw zh gr qrw doorz iru d vlwxdwlrq lq zklfk vrph lqglylgxdov jhw wkh
vdph xwlolw| dv lq wkhlu dvsludwlrq exqgohv zkloh rwkhuv jhw ohvv xwlolw| wkdq lq wkhlu
dvsludwlrq exqgohv1
Wkh h{lvwhqfh ri dq Dghtxdwh ru d Vdwlvidfwru| doorfdwlrq fdqqrw eh jxdudqwhhg
iru d jlyhq dvsludwlrq ixqfwlrq1 Iru lqvwdqfh/ frqvlghu wkdw iru vrph l/ x￿ lv vwulfwo|
prqrwrqlf dqg ohw #￿+d, @ d￿.￿ zlwk ￿   31 Wkh h{lvwhqfh ri dq Xqeldvhg doorfdwlrq/
krzhyhu/ lv jxdudqwhhg xqghu plog dvvxpswlrqv1 Wkh sureohp lv wkdw lw pd| frqwdlq
doorfdwlrqv wkdw duh qrw yhu| dsshdolqj1 Iru lqvwdqfh/ lq dq H{fkdqjh Hfrqrp|/ wkh
43doorfdwlrq wkdw jlyhv }hur jrrgv wr hyhu| lqglylgxdo lv Xqeldvhg li hdfk dvsludwlrq
exqgoh frqwdlqv d srvlwlyh hohphqw1 Pdq| xqghvludeoh doorfdwlrqv ri wklv vruw duh
glvfdughg krzhyhu e| wdnlqj wkh lqwhuvhfwlrq ehwzhhq wkh Xqeldvhg doorfdwlrqv dqg
wkh vhw ri Sduhwr h!flhqw doorfdwlrqv1 Rxu ￿uvw uhvxow suryhv wkdw wklv lqwhuvhfwlrq lv
qrq0hpsw| xqghu plog dvvxpswlrqv rq wkh hfrqrp| dqg rq dvsludwlrq ixqfwlrqv #=
Dvvxpswlrq 4 Wkh vhw ri ihdvleoh doorfdwlrqv D lv qrq0hpsw|/ frpsdfw dqg frqyh{
dqg xwlolw| ixqfwlrqv duh frqwlqxrxv/ vwulfwo| lqfuhdvlqj dqg dgplw d frqfdyh uhsuh0
vhqwdwlrq1
Ohw d￿ eh wkh ￿zruvw￿ exqgoh iru lqglylgxdo l ri wkrvh vkh fdq jhw iurp D= E|
Dvvxpswlrq 4 lw h{lvwv1 Qrz frqvlghu wkh iroorzlqj gh￿qlwlrq1
Gh￿qlwlrq 8 Dq dvsludwlrq # lv erxqghg iurp ehorz li iru doo x 5 X dqg d 5 D=
x￿+d￿, ￿ x￿+#￿+d>x,, iru doo l=
Wklv vlpso| phdqv wkdw qr dvsludwlrq fdq eh zruvh wkdq wkh zruvw exqgoh lq D17
Qrz zh kdyh wkh iroorzlqj1
Wkhruhp 4 Vxssrvh Dvvxpswlrq 4 krogv dqg #￿ lv frqwlqxrxv rq d dqg erxqghg
ehorz iru doo l1 Wkhq/ wkhuh lv vrph doorfdwlrq wkdw lv Sduhwr h!flhqw dqg Xqeldvhg1
Surri1 Ohw V?3￿ eh wkh +q ￿ 4, glphqvlrqdo vlpsoh{/ wkdw lv/ V?3￿ @ i￿ 5 U?
n m
S?
￿’￿ ￿￿ @4 j= Xqghu rxu dvvxpswlrqv/ dq doorfdwlrq d lv Sduhwr h!flhqw li iru d jlyhq






Xqghu rxu dvvxpswlrqv wkh deryh surjudp kdv d vroxwlrq1
Ohw ￿ = V?3￿ $ D eh wkh uhvxow ri wkh pd{lpl}dwlrq sureohp1 Lw lv frqyh{0ydoxhg
+gxh wr wkh h{lvwhqfh ri d frqfdyh uhsuhvhqwdwlrq iru wkh xwlolw| ixqfwlrqv dqg wkh
frqyh{lw| ri D, dqg xsshu khpl0frqwlqxrxv +e| Ehujh*v Pd{lpxp Wkhruhp,1 Qrz/
ohw xv gh￿qh iru hdfk l d ixqfwlrq G￿ = D $ U +lqwhusuhwhg dv wkh glvdssrlqwphqw ihow
e| l, dv iroorzv=
G￿+d, @ G￿+d￿>#￿+d,, @ x￿+#￿+d,, ￿ x￿+d￿,=
7Qrwlfh wkdw lq H{fkdqjh Hfrqrplhv/ Surgxfwlrq Hfrqrplhv dqg Sxeolf Jrrgv Hfrqrplhv/ Dv0
vxpswlrq 4 lv vdwlv￿hg dqg dvsludwlrq ixqfwlrqv duh erxqghg iurp ehorz1
44Vlqfh x￿ dqg #￿ duh frqwlqxrxv/ G￿ lv dovr frqwlqxrxv iru doo l1 Frqvlghu qrz/ iru d






dqg ohw xv gh￿qh wkh fruuhvsrqghqfh ! = D $ V?3￿ dvvljqlqj wkh vroxwlrq wr wklv
sureohp wr hyhu| ihdvleoh doorfdwlrq1 Wkh fruuhvsrqghqfh ! lv frqyh{0ydoxhg dqg
xsshu khpl0frqwlqxrxv +gxh wr Ehujh*v Pd{lpxp Wkhruhp,1 Wkxv wkh pdsslqj=
￿ ￿ ! = V?3￿ ￿ D $ D ￿ V?3￿>
kdv d ￿{hg srlqw wkdw zh fdoo +￿W>d W,= Ohw xv vxssrvh wkdw wkhuh duh l>m vxfk wkdw
G￿+dW, ￿ 3 dqg G￿+dW, ? 3= Wkh pdsslqj ! wkhq lpsolhv ￿W
￿ @3dqg wkh pdsslqj ￿
zloo dvvljq khu zruvw exqgoh $￿ wr m=Wkxv dW
￿ @ $￿ dqg G￿+dW, @ G￿+$￿>#￿+dW,, @
x￿+#￿+dW,, ￿ x￿+$￿, ? 3= Exw wklv lv lpsrvvleoh vlqfh # lv erxqghg iurp ehorz18
Dv dq looxvwudwlrq ri wkh wkhruhp/ ohw xv frqvlghu wkh iroorzlqj h{dpsoh wdnhq
iurp Sd}qhu dqg Vfkphlgohu ^4<‘1
H{dpsoh 5 Ohw x￿+{￿>o ￿, @ +o￿o￿,. ￿￿
￿f{￿>x 2+{2>o 2, @ +o￿o2,.5{2/ i+￿￿o￿.￿2o2, @
￿￿o￿ . ￿2o2>￿ ￿ @4 >￿ 2 @ ￿
￿f dqg o @4 = Wkh uhdghu fdq fkhfn wkdw wkh vhw ri Sduhwr
h!flhqw doorfdwlrqv lv wkh xqlrq ri wzr vhwv1 Iluvw/ doo doorfdwlrqv zkhuh o￿ @4 / o2 @3
dqg {￿.{2 @4 = Vhfrqg/ doo doorfdwlrqv zkhuh o￿ @4 / o2 A 3>{ 2 @3dqg {￿ @4 .￿
￿fo2=
Il{ #￿+{>o,@+ {2>o 2, dqg #2+{>o,@+ {￿>o ￿,= Wkhvh duh wkh dvsludwlrq ixqfwlrqv ri
wkh Hqy|0Iuhh fruuhvsrqghqfh1 Iurp Sd}qhu dqg Vfkphlgohu ^4<‘ zh nqrz wkdw qr
Dghtxdwh ru Vdwlvidfwru| doorfdwlrq lv Sduhwr h!flhqw1 Zh fdq fkhfn wkdw wkh vhw ri
Xqeldvhg dqg Sduhwr h!flhqw doorfdwlrqv lv wkh iroorzlqj=
￿








Wkhruhp 4 suryhv wkdw wkh vhw ri Xqeldvhg dqg Sduhwr h!flhqw doorfdwlrqv lv
dozd|v qrq0hpsw|19 Wklv doorzv xv wr sursrvh d gl￿huhqw frqfhsw ri dwwdlqdelolw|1
8Rxu Wkhruhp 4 lpsolhv Wkhruhp 4 lq Prxolq +^49‘/ s1 75,1 Kh suryhv wkdw lq d sduwlfxodu
frvw0vkdulqj sureohp/ dqg iru vrph dvsludwlrq ixqfwlrqv ￿c wkhuh lv vrph doorfdwlrq @
W wkdw lv erwk
Sduhwr h!flhqw dqg ￿￿E@
W
￿￿ $ ￿￿E￿￿E@




Wc￿￿￿ iru doo ￿ zlwk ￿￿E@
W
￿￿ :￿ ￿E￿￿E@
Wc￿￿￿ iru vrph ￿c wkh uhvxow iroorzv1
9Wkhruhp 4 krogv li zh uhsodfh wkh dvvxpswlrq ri frqwlqxlw| ri xwlolw| dqg dvsludwlrq ixqfwlrqv e|
45Gh￿qlwlrq 9 Zh vd| wkdw d VFF V lv Zhdno| Dwwdlqdeoh lq dq Xqeldvhg zd| li/ iru
doo x lq X> dq| doorfdwlrq d ehorqjv wr V+x, li dqg rqo| li d ehorqjv wr S+x, dqg wkhuh





Li qr uhvwulfwlrq lv lpsrvhg rq dvsludwlrqv/ dq| VFF lv dwwdlqdeoh1 Iru lqvwdqfh/ ohw xv
vxssrvh wkdw zh duh lq dq h{fkdqjh hfrqrp| dqg zh zdqw wr dwwdlq d jlyhq VFF e V lq
dq Dghtxdwh zd|1 Wdnh dq hfrqrp| e x= Iru doo e d 5 e V+e x, ohw #￿+e d>e x,@e d￿ iru doo l dqg
iru doo d@ 5 e V+e x, ohw #￿+d>e x,@d . %> zlwk %A3> iru doo l1 Dq lghqwlfdo frqvwuxfwlrq
fdq eh xvhg wr dwwdlq dq| VFF lq d Vdwlvidfwru| zd|1 Wklv revhuydwlrq fdoov iru d
uhvwulfwlrq lq wkh nlqg ri dvsludwlrq ixqfwlrqv wkdw pd| eh frqvlghuhg1 Zh sursrvh d
uhvwulfwhg fodvv ri dvsludwlrq ixqfwlrqv/ qdpho| wkrvh zklfk duh ghfhqwudol}hg lq wkh
iroorzlqj vhqvh1
Gh￿qlwlrq : Wkh dvsludwlrq ixqfwlrqv # duh ghfhqwudol}hg li/ iru doo l> #￿ ghshqgv
rqo| rq x￿ dqg d= Wkdw lv/ wkh grpdlq ri #￿ lv D ￿ X￿=
Wkh prwlydwlrq iru vwxg|lqj ghfhqwudol}hg dvsludwlrq ixqfwlrqv lv wzrirog1 Rq
wkh rqh kdqg/ zh pd| dujxh wkdw wkh lqirupdwlrq rq wkh irup ri l*v xwlolw| ixqfwlrq
lv rqo| nqrzq wr l= Rq wkh rwkhu kdqg/ iurp d qrupdwlyh srlqw ri ylhz/ zh pljkw
dujxh wkdw wkh lqirupdwlrq l kdv derxw m*v suhihuhqfhv vkrxog qrw frqwdplqdwh khu
mxgjhphqw derxw zkdw vkh ghvhuyhv1: Doo wkh h{dpsohv ri dvsludwlrq ixqfwlrqv wkdw
zh suhvhqwhg lq wkh suhylrxv vhfwlrq duh ghfhqwudol}hg/ h{fhsw wzr= wkh dvsludwlrq
ixqfwlrqv fruuhvsrqglqj wr wkh Hjdolwduldq0Htxlydohqw fruuhvsrqghqfh dqg wkrvh ri
wkh Frqvwdqw0Uhwxuq0Htxlydohqw fruuhvsrqghqfh1;
wkh zhdnhu dvvxpswlrq wkdw wkh ixqfwlrqv (
￿
￿r +gh￿qhg lq wkh surri ri Wkhruhp 4, duh frqwlqxrxv￿
Wkxv lq wkh Hqy|0Iuhh vroxwlrq zlwk ?:2/ lw pd| kdsshq wkdw lq doorfdwlrq @ lqglylgxdo ￿*v dvsludwlrq
lv lqglylgxdo ￿*v exqgoh/ exw zlwk d vpdoo fkdqjh lq wkh doorfdwlrq/ lqglylgxdo ￿*v dvsludwlrq lv qrz
lqglylgxdo ￿*v exqgoh1 Wklv fkdqjh lq ￿￿ zloo qrw eh frqwlqxrxv exw (￿ lv frqwlqxrxv1
:Prxolq ^47‘ xvhg wkh zrug ￿ghfhqwudol}dwlrq￿ wr uhihu wr wkrvh erxqgv rq wkh xwlolwlhv ri wkh
lqglylgxdov lqyroyhg lq vrph glvwulexwlrq sureohp wkdw gr qrw ghshqg rq wkh suhihuhqfhv ri rwkhu
lqglylgxdov1 Wkh vdph surshuw| kdv ehhq qdphg ￿Wkh wklq yhlo ri ljqrudqfh￿ e| Urhphu ^56‘1
;Wkh dvsludwlrq ixqfwlrqv frqvwuxfwhg dw wkh ehjlqqlqj ri wklv vhfwlrq duh qrw ghfhqwudol}hg eh0
fdxvh wkh| ghshqg rq ￿ @ zklfk lq wxuq ghshqgv rq wkh sduwlfxodu sur￿oh ￿1
46Wkh iroorzlqj gh￿qlwlrq suhvhqwv d sduwlfxodu h{dpsoh ri ghfhqwudol}hg dvsludwlrq
ixqfwlrqv wkdw zh vkdoo xvh h{whqvlyho|1 Ohw ]￿ = D $ [￿ eh d fruuhvsrqghqfh1 Wkh
vhw ]￿+d, lv lqwhusuhwhg dv wkh vhw ri exqgohv wkdw l wklqnv vkh lv hqwlwohg wr/ jlyhq wkh
doorfdwlrq d1
Gh￿qlwlrq ; Wkh dvsludwlrq ixqfwlrqv # duh fdoohg udwlrqdo li/ iru doo l/ #￿ @ dujpd{
x￿+d￿, zlwk d￿ 5 ]￿+d, +wlhv duh eurnhq e| vrph duelwudu| uxoh,1
Dq h{dpsoh ri udwlrqdo dvsludwlrqv duh wkrvh lpsolflw lq wkh Hqy|0Iuhh fruuhvsrq0
ghqfh zkhuh ]￿+d,@id￿>===>d?j1 Dqrwkhu h{dpsoh zrxog eh wkh dvsludwlrq ixqfwlrqv
lpsolflw lq wkh frqfhsw ri Vxshu0Htxlw| sursrvhg e| Nrop ^<‘ zkhuh ]￿+d, lv wkh
frqyh{ kxoo ri id￿>===>d?j1
Zh vkrxog hpskdvl}h wkdw wkh dvvxpswlrq wkdw dvsludwlrq ixqfwlrqv duh ghfhq0
wudol}hg sod|v dq lqvwuxphqwdo uroh= Lw vhuyhv wr lvrodwh dq lpsruwdqw exw vshfl￿f fdvh
wkdw lv dqdo|wlfdoo| wudfwdeoh dqg/ wkxv/ vkrzv wkdw wkh uhvhdufk surjudp sursrvhg
lq wklv sdshu lv ihdvleoh1 Lq ixwxuh uhvhdufk krzhyhu/ rwkhu surshuwlhv ri dvsludwlrq
ixqfwlrqv vkrxog eh frqvlghuhg1
Zh vkdoo qrz frqvlghu wkh iroorzlqj surshuw| ri d VFF1 Zh vkdoo xvh wkh qrwdwlrq
+x￿
￿>x 3￿, wr lqglfdwh wkdw lqglylgxdo l kdv fkdqjhg khu xwlolw| ixqfwlrq exw wkh uhvw ri
wkh lqglylgxdov kdyh wkhlu vdph xwlolw| ixqfwlrqv dv lq x=
Gh￿qlwlrq < D VFF vdwlv￿hv Qrq0R￿vhwwlqj Yhwr li=
id 5 V+x, dqg d @ 5 V+x￿
￿>x 3￿, iru vrph lj$i d @ 5 V+x￿
￿>x ￿
3￿, iru dq| dgplvvleoh x￿
3￿j=
Qrq0R￿vhwwlqj Yhwr vd|v wkdw li d lv vhohfwhg dw x exw lv qrw vhohfwhg zkhq l
fkdqjhv khu xwlolw| ixqfwlrq wr x￿
￿ +l1h1 vkh yhwrhv d,/ d zloo qhyhu eh vhohfwhg lq dq|
hfrqrp| zkhuh l*v xwlolw| ixqfwlrq lv x￿
￿1< Wkhruhp 5 ehorz vkrzv wkdw Qrq0R￿vhwwlqj
Yhwr lv qhfhvvdu| dqg vx!flhqw iru dwwdlqdelolw| lq dq Dghtxdwh ru Vdwlvidfwru| zd|1
Iroorzlqj Wkhruhp 5/ zh vkdoo yhuli| zkhwkhu vhyhudo zhoo0nqrzq VFFv vdwlvi| lw ru
qrw1 Iurp dq dqdo|wlfdo srlqw ri ylhz/ krzhyhu/ wkh iroorzlqj surshuw| lv vrphwlphv
hdvlhu wr fkhfn=
<Wklv surshuw| vkrxog qrw eh frqixvhg zlwk wkh surshuw| ri Qr0Yhwr Srzhu lqwurgxfhg e| Hulf
Pdvnlq ^45‘1 Lq wkh odwwhu/ li doo djhqwv h{fhsw srvvleo| rqh/ vd| ￿c djuhh wkdw @ lv wkh wrs doorfdwlrq
lq wkhlu xwlolw| ixqfwlrqv ￿3￿c wkhq @ M 7E￿￿c￿ 3￿￿ iru doo ￿￿￿
47Gh￿qlwlrq 43 D VFF vdwlv￿hv Xwlolw| Fduwhvldq Surgxfw li=
id 5 V+e x, dqg d 5 V+h x,j$i d 5 V+h e x, zkhuh iru doo l>h e x￿ lv hlwkhu e x￿ ru h x￿j=
Wkh surshuw| ri Xwlolw| Fduwhvldq Surgxfw vd|v wkdw li d jlyhq doorfdwlrq lv fkrvhq
lq wzr gl￿huhqw hfrqrplhv/ lw pxvw dovr eh fkrvhq lq dq| hfrqrp| lq zklfk wkh sur￿oh
ri xwlolw| ixqfwlrqv lv d pl{wxuh ri wkh xwlolw| ixqfwlrqv ri wkrvh wzr hfrqrplhv1 Lq
rwkhu zrugv/ jlyhq dq doorfdwlrq d> wkh vhw ri xwlolw| sur￿ohv iru zklfk d lv vhohfwhg
e| d VFF kdv d Fduwhvldq surgxfw vwuxfwxuh1 Lq wkh iroorzlqj ohppd/ zh suryh wkdw
Qrq0R￿vhwwlqj Yhwr dqg Xwlolw| Fduwhvldq Surgxfw duh htxlydohqw surshuwlhv1
Ohppd 4 D VFF vdwlv￿hv Qrq0R￿vhwwlqj Yhwr li dqg rqo| li lw vdwlv￿hv Xwlolw|
Fduwhvldq Surgxfw1
Surri1 +l, Xwlolw| Fduwhvldq Surgxfw lpsolhv Qrq0R￿vhwwlqj Yhwr1 Vxssrvh d VFF
vdwlv￿hv Xwlolw| Fduwhvldq Surgxfw dqg frqvlghu d 5 V+x,/ d @ 5 V+x￿
￿>x 3￿, iru vrph
l exw d 5 V+x￿
￿>x ￿
3￿, iru vrph x￿
3￿= Dv d 5 V+x￿>x 3￿, dqg d 5 V+x￿
￿>x ￿
3￿, Xwlolw|
Fduwhvldq Surgxfw lpsolhv d 5 V+x￿
￿>x 3￿,> d frqwudglfwlrq1
+ll, Qrq0R￿vhwwlqj Yhwr lpsolhv Xwlolw| Fduwhvldq Surgxfw1 Vxssrvh d VFF vdw0
lv￿hv Qrq0R￿vhwwlqj Yhwr dqg frqvlghu d 5 V+e x,/ d 5 V+h x, exw d @ 5 V+h e x, iru vrph
sur￿oh h e x zkhuh h e x￿ lv hlwkhu e x￿ ru h x￿= Wkhq wkhuh lv dq lqglylgxdo m vxfk wkdw hlwkhu
d @ 5 V+e x￿>h x3￿, ru d @ 5 V+h x￿>e x3￿,= Wr vhh wklv/ qrwh wkdw iurp wkh hfrqrp| e x +ru h x,>
wr wkh hfrqrp| h e x> vrph lqglylgxdov kdyh fkdqjhg wkhlu xwlolw| ixqfwlrqv1 Wkhq wkhuh
pxvw eh vrph lqglylgxdo/ vd| m/ vxfk wkdw suhflvho| zkhq vkh fkdqjhv khu xwlolw|
ixqfwlrq iurp e x￿ +ru h x￿, wr h x￿ +e x￿,/ d lv qr orqjhu vhohfwhg e| wkh VFF1 Wkhq e|
Qrq0R￿vhwwlqj Yhwr hlwkhu d @ 5 V+e x, ru d @ 5 V+h x,> d frqwudglfwlrq1
Zh suryh qh{w wkdw/ xqghu ghfhqwudol}hg dvsludwlrq ixqfwlrqv/ Qrq0R￿vhwwlqj Yhwr
+ru htxlydohqwo|/ Xwlolw| Fduwhvldq Surgxfw, lv d qhfhvvdu| frqglwlrq dqg/ li suhihu0
hqfhv duh qrw vdwldwhg +Dvvxpswlrq 5 ehorz,/ d vx!flhqw frqglwlrq iru d VFF wr eh
dwwdlqdeoh lq dq Dghtxdwh ru Vdwlvidfwru| zd|1




48Wkhruhp 5 Vxssrvh dvsludwlrq ixqfwlrqv duh ghfhqwudol}hg1 Wkhq/ li d VFF lv dw0
wdlqdeoh lq hlwkhu dq Dghtxdwh ru d Vdwlvidfwru| zd|/ wkh VFF pxvw vdwlvi| Qrq0
R￿vhwwlqj Yhwr1 Xqghu Dvvxpswlrq 5/ Qrq0R￿vhwwlqj Yhwr lv dovr vx!flhqw1
Surri1 Dv wkh surri lv lghqwlfdo iru erwk qrwlrqv/ zh suhvhqw lw iru wkh Dghtxdwh
fdvh rqo|1
Qhfhvvlw|1 Vxssrvh vrph VFF lv dwwdlqdeoh lq dq Dghtxdwh zd| dqg vxssrvh wkh
dqwhfhghqw ri Qrq0R￿vhwwlqj Yhwr lv vdwlv￿hg1 Li d@ 5 V+x￿




￿,,= E| ghfhqwudol}dwlrq/ lq wkh hfrqrp| x￿ @+ x￿
￿>x ￿
3￿, wkh
dvsludwlrq ri l zloo eh wkh vdph iru doo x￿





￿,, dqg d @ 5 V+x￿
￿>x ￿
3￿,=
Vx!flhqf|1 Zh duulyh dw rxu surri e| frqvwuxfwlqj ghfhqwudol}hg dvsludwlrq ixqfwlrqv
# vxfk wkdw iru doo x 5 X> d 5 V+x, li dqg rqo| li d lv dq Dghtxdwh doorfdwlrq1
Il{ dq doorfdwlrq e d 5 D dqg gh￿qh X+e d, @ ix 5 X m e d 5 V+x,j= Wklv lv wkh vhw ri
dgplvvleoh hfrqrplhv lq zklfk e d lv vhohfwhg e| wkh VFF1 Gh￿qh dovr/ iru doo l> wkh vhw
X￿+e d, @ ix￿ 5 X￿ m +x￿>x 3￿, 5 X+e d, iru vrph x3￿ 5 X3￿j= Wkhuh duh wkuhh fdvhv=
+l, X+e d, @ B= Wdnh dq duelwudu| lqglylgxdo m dqg vhw #￿+e d>x￿, @ e e￿ iru doo x￿ zkhuh
e e￿ lv fkrvhq vxfk wkdw x￿+e d￿, ?x ￿+e e￿,= Wklv lv dozd|v srvvleoh e| Dvvxpswlrq 41
+ll, X+e d, @ X= Iru doo l> wdnh #￿+e d>x￿, @ e d￿ iru doo x￿=
+lll, X+e d, 9@ B>X +e d, 9@ X= Iru doo x 5 X dqg iru doo l ￿{ #￿ dv iroorzv=
#￿+e d>x￿,@e d￿ li x￿ 5 X￿+e d,
#￿+e d>x￿,@e e￿ li x￿ @ 5 X￿+e d,
zkhuh zh fkrrvh e e￿ dv lq +l,1 Li x 5 X+e d,>x ￿+e d￿, @ x￿+#￿+e d>x￿,, iru doo l= Frqyhuvho|/
dvvxplqj wkdw iru vrph hfrqrp| h x 5 X/ h x￿+e d￿, @ h x￿+#￿+e d>h x￿,, iru doo l> #￿+e d>x￿, @ e d￿
iru doo l> zklfk lpsolhv h x￿ 5 X￿+e d,= Qrz Xwlolw| Fduwhvldq Surgxfw lpsolhv X+e d, @
X￿+e d, ￿ == ￿ X?+e d,= Wkhq h x @ +h x￿>==> h x?, 5 X+e d,> wkdw lv/ e d 5 V+h x,1
Zh qrz suhvhqw vhyhudo zhoo0nqrzq VFFv dqg vwxg| zkhwkhu wkh| ixo￿oo Qrq0
R￿vhwwlqj Yhwr ru qrw1
41 Sduhwr fruuhvsrqghqfh +S+x,,1
+d, H{fkdqjh Hfrqrplhv1 Qrq0R￿vhwwlqj Yhwr lv qrw vdwlv￿hg1 Lq Iljxuh 4 zh suhvhqw
dq h{dpsoh zlwk wzr lqglylgxdov dqg wzr jrrgv lq zklfk d 5 S+x￿>x 2,>d@ 5 S+x￿
￿>x 2,
dqg d @ 5 S+x￿>x ￿
2,= Krzhyhu/ d 5 S+x￿
￿>x ￿
2,1
49Lqvhuw Iljxuh 4 derxw khuh1
+e, Surgxfwlrq Hfrqrplhv1 Qrq0R￿vhwwlqj Yhwr lv vdwlv￿hg/ vlqfh dw dq| Sduhwr
h!flhqw doorfdwlrq wkh pdujlqdo udwhv ri vxevwlwxwlrq +PUV, pxvw eh htxdo wr wkh
pdujlqdo udwh ri wudqvirupdwlrq +PUW,1 Qrz li d 5 S+x, exw d@ 5 S+x￿
￿>x 3￿, iru vrph
l/ lw pxvw eh ehfdxvh wkh PUV ri lqglylgxdo l kdv fkdqjhg dw d1 Exw vlqfh wkh PUW
uhpdlqv xqfkdqjhg dw d/ wkhq d@ 5 S+x￿
￿>x ￿
3￿, iru doo ihdvleoh x￿
3￿1 Lq idfw wklv VFF fdq
eh dwwdlqhg zlwk udwlrqdo dvsludwlrqv lq dq Dghtxdwh zd|/ li wkh vhw ]￿+d, frqvlvwv
ri doorfdwlrqv rq ru ehorz d k|shusodqh sdvvlqj wkurxjk d dqg zlwk d vorsh wkdw lv
lghqwlfdo wr wkh PUW hydoxdwhg dw d=
+f, Hfrqrplhv zlwk sxeolf jrrgv1 Qrq0R￿vhwwlqj Yhwr lv qrw vdwlv￿hg1 Wkh judsklfdo
lqwxlwlrq ehklqg wklv lv hdvlo| vhhq lq d slfwxuh olnh Iljxuh 4/ lq zklfk wkh Hgjhzruwk
er{ lv vxevwlwxwhg e| wkh Nrop wuldqjoh1 Dw dq| Sduhwr h!flhqw doorfdwlrq wkh vxp ri
doo pdujlqdo udwhv ri vxevwlwxwlrq ehwzhhq wkh sxeolf dqg sulydwh jrrg pxvw eh htxdo
wr wkh pdujlqdo frvw ri surgxfwlrq ri wkh sxeolf jrrg1 Li d 5 S+x, exw d @ 5 S+x￿
￿>x 3￿,
iru vrph l/ lw pxvw eh ehfdxvh wkh PUV ri lqglylgxdo l kdv fkdqjhg iru wkdw sduwlfxodu
doorfdwlrq1 Exw wkhuh duh vxlwdeoh fkdqjhv lq wkh xwlolw| ixqfwlrqv ri wkh uhvw ri wkh
djhqwv wr pdnh d Sduhwr h!flhqw djdlq1
51 Fruh fruuhvsrqghqfh1 Lw ehkdyhv mxvw olnh Sduhwr fruuhvsrqghqfh grhv1
61 Zdoudvldq fruuhvsrqghqfh1
+d, H{fkdqjh Hfrqrplhv1 Zlwk rqo| wzr jrrgv/ Qrq0R￿vhwwlqj Yhwr lv vdwlv￿hg/ xq0
ohvv wkh Zdoudvldq htxloleulxp ri vrph hfrqrp| rffxuv dw wkh lqlwldo hqgrzphqwv1
Wkh doorfdwlrq d lq Iljxuh 5 lv d Zdoudvldq htxloleulxp iru hfrqrp| +x￿>x 2, zlwk
lqlwldo hqgrzphqwv dw h= Li lqglylgxdo rqh fkdqjhv khu xwlolw| ixqfwlrq wr x￿
￿> wkhuh
lv qr xwlolw| ixqfwlrq x￿
2 vxfk wkdw d lv d Zdoudvldq htxloleulxp iru wkh hfrqrp|
+x￿
￿>x ￿
2,1 Krzhyhu/ zlwk pruh wkdq wzr jrrgv/ Qrq0R￿vhwwlqj Yhwr lv qrw vdwlv￿hg/
dv wkh iroorzlqj h{dpsoh vkrzv1 Ohw xv vxssrvh wkdw wkhuh duh wzr djhqwv dqg wkuhh
jrrgv1 Jrrg wkuhh lv wkh qxphudluh1 Xwlolw| ixqfwlrqv dqg lqlwldo hqgrzphqwv duh


















2￿>h ￿ @ +5>4>3, dqg h2 @
+3>4>5,= Iru wklv hfrqrp| wkh Zdoudvldq htxloleulxp doorfdwlrq lv ++4>4>4,>+4>4>4,,=
Qrz ohw x￿




















4:++4>4>4,>+4>4>4,, lv qrw d Zdoudvldq htxloleulxp iru +x￿
￿>x 2, ru +x￿>x ￿
2, v l q f hl wl v
qrw Sduhwr h!flhqw1 Krzhyhu wklv doorfdwlrq lv d Zdoudvldq htxloleulxp iru +x￿
￿>x ￿
2,
vlqfh +4>4>4, pd{lpl}hv x￿
￿ dqg x￿
2 dw sulfhv +4>5>4,=
Lqvhuw Iljxuh 5 derxw khuh1
+e, Surgxfwlrq Hfrqrplhv1 Wklv fruuhvsrqghqfh vdwlv￿hv Qrq0R￿vhwwlqj Yhwr1 Wkh
surri lv vlplodu wr wkdw iru wkh fdvh ri wkh Sduhwr fruuhvsrqghqfh1 Udwlrqdo dvsludwlrq
ixqfwlrqv duh frqvwuxfwhg vlploduo|1
+f, Hfrqrplhv zlwk sxeolf jrrgv1 Lq wklv fdvh/ wkh frqfhsw wkdw lv sdudooho wr Zdo0
udvldq htxloleulxp lv wkdw ri d Olqgdko Htxloleulxp1 Wkh vdph dujxphqw wkdw lv
xvhg wr vkrz wkdw wkh Zdoudvldq fruuhvsrqghqfh vdwlv￿hv Qrq0R￿vhwwlqj Yhwr lq wkh
fdvh ri wzr jrrgv/ fdq eh xvhg khuh wr vkrz wkdw wkh Olqgdko Htxloleulxp dovr vdw0
lv￿hv Qrq0R￿vhwwlqj Yhwr/ surylghg wkdw wkh Olqgdko doorfdwlrq lv qrw dw wkh lqlwldo
hqgrzphqwv1
71 Hqy|0Iuhh fruuhvsrqghqfh1 Lw vdwlv￿hv Qrq0R￿vhwwlqj Yhwr lq wkh fdvh ri H{fkdqjh
Hfrqrplhv/ Surgxfwlrq Hfrqrplhv dqg Hfrqrplhv zlwk Sxeolf Jrrgv1 Lwv lqwhuvhf0
wlrq zlwk wkh Sduhwr fruuhvsrqghqfh/ krzhyhu/ rqo| vdwlv￿hv Qrq0R￿vhwwlqj Yhwr lq
wkh fdvh ri Surgxfwlrq Hfrqrplhv +surylghg lw lv qrq0hpsw|/ vhh Slnhww| ^54‘,1 Lq
wklv fdvh/ wkh surri lv lghqwlfdo wr wkh rqh zh xvhg zlwk wkh Sduhwr fruuhvsrqghqfh lq
surgxfwlrq hfrqrplhv1
81 Hjdolwduldq0Htxlydohqw fruuhvsrqghqfh1 Wklv fruuhvsrqghqfh grhv qrw vdwlvi| Qrq0
R￿vhwwlqj Yhwr lq dq| ri wkh wkuhh prghov1 Iljxuh 6 looxvwudwhv wklv lq wkh fdvh ri
H{fkdqjh Hfrqrplhv +vlplodu h{dpsohv fdq eh frqvwuxfwhg iru wkh fdvh ri Surgxfwlrq
Hfrqrplhv dqg Hfrqrplhv zlwk Sxeolf Jrrgv,1 Wkh lqlwldo hfrqrp| lv +x￿>x 2, dqg
d @ +d￿>d 2, lv dq Hjdolwduldq0Htxlydohqw doorfdwlrq zlwk uhihuhqfh exqgoh } e x wl vq r w
Hjdolwduldq0Htxlydohqw hlwkhu lq +x￿
￿>x 2, ru lq +x￿>x ￿
2,1L q+x￿
￿>x ￿
2, krzhyhu/ wkh doorfd0
wlrq d lv Hjdolwduldq0Htxlydohqw zlwk uhihuhqfh exqgoh }￿= Qrwh wkdw wkh Hjdolwduldq0
Htxlydohqw fruuhvsrqghqfh lv dwwdlqdeoh lq dq Dghtxdwh zd| li dvsludwlrqv duh qrw
ghfhqwudol}hg +wdnh wkh dvsludwlrq exqgoh dv wkh exqgoh zkhuh wkh lqgl￿huhqfh fxuyhv
ri doo lqglylgxdov furvv,1
Lqvhuw Iljxuh 6 derxw khuh1
4;91 Sursruwlrqdo Vroxwlrq +Urhphu dqg Vloyhvwuh ^59‘,1 Wklv fruuhvsrqghqfh lv rqo|
gh￿qhg lq Surgxfwlrq Hfrqrplhv dqg pxvw ixo￿o wzr uhtxluhphqwv1 Iluvw/ doo fkrvhq
doorfdwlrqv pxvw eh Sduhwr h!flhqw1 Vhfrqg/ wkh frqvxpswlrq ri hdfk lqglylgxdo lv
sursruwlrqdo wr khu lqsxw frqwulexwlrq1 Wklv fruuhvsrqghqfh vdwlv￿hv Qrq0R￿vhwwlqj
Yhwr1 Li e d lv d sursruwlrqdo doorfdwlrq lq wkh hfrqrp| x exw qrw lq wkh hfrqrp|
+x￿
￿>x 3￿, lw pxvw eh ehfdxvh lw lv qrw Sduhwr h!flhqw lq wkh odwwhu/ vlqfh wkh sursruwlrqv
kdyh qrw fkdqjhg1 Zh fdq xvh wkh vdph dujxphqw dv iru wkh Sduhwr fruuhvsrqghqfh
wr vkrz wkdw e d fdqqrw eh Sduhwr h!flhqw iru dq| hfrqrp| lq zklfk x￿
￿ lv suhvhqw1
:1 Doo VFFv wkdw vhohfw wkh vhw ri doorfdwlrqv lq zklfk hdfk lqglylgxdo lv dw ohdvw
dv zhoo0r￿ dv lq vrph ￿{hg exqgoh/ dv lq wkh Htxdo Vsolw Orzhu Erxqg ru wkh vhw ri
Lqglylgxdoo| Udwlrqdo doorfdwlrqv/ vdwlvi| Qrq0R￿vhwwlqj Yhwr1
Li dvsludwlrqv ixqfwlrqv duh udwlrqdo/ Qrq0R￿vhwwlqj Yhwr lv vwloo d qhfhvvdu| frq0
glwlrq ri dwwdlqdelolw| exw lw lv qr orqjhu vx!flhqw/ dv vkrzq lq wkh iroorzlqj h{dpsoh=
H{dpsoh 6 Ohw xv frqvlghu dq h{fkdqjh hfrqrp| zlwk wzr jrrgv dqg wzr djhqwv1
Djjuhjdwh hqgrzphqwv duh 5 ri hdfk jrrg1 X￿ @ ix￿>x ￿
￿j zkhuh x￿ lv Free0Grxjodv
dqg x￿
￿ lv ri wkh Ohrqwlh￿ w|sh/ zlwk wkh nlqn dw wkh 78f olqh1 X2 @ ix2j zkhuh x2
lv Free0Grxjodv1 Frqvlghu wkh iroorzlqj VFF= V+x￿>x 2, @ d @ i+4>4,>+4>4,j dqg
V+x￿
￿>x 2, @ e @ i+=8>=8,>+4=8>4=8,j= Wklv VFF wulyldoo| vdwlv￿hv Qrq0R￿vhwwlqj Yhwr
exw fdq qrw eh dwwdlqhg lq d Vdwlvidfwru| zd| zlwk udwlrqdo dvsludwlrqv/ vlqfh/ li wklv
zhuh wkh fdvh/ ]￿+d, zrxog eh lqfoxghg lq wkh orzhu frqwrxu vhw ri x￿ hydoxdwhg dw d=
Exw ]￿+d, lv dovr lqfoxghg lq wkh orzhu frqwrxu vhw ri x￿
￿ hydoxdwhg dw e dqg d lv wkxv
d Vdwlvidfwru| doorfdwlrq dw +x￿
￿>x 2, dv zhoo1
Zh qrz irfxv rq wkh vwxg| ri wkh uhodwlrqvkls ehwzhhq dwwdlqdelolw| dqg vhy0
hudo gl￿huhqw surshuwlhv wkdw kdyh ehhq sursrvhg wr fkdudfwhul}h VFFv= Pdvnlq
Prqrwrqlflw|/ Frqvlvwhqf| dqg Srsxodwlrq Prqrwrqlflw|1 Wkh surshuw| ri Whfkqr0
orjlfdo Prqrwrqlflw| uhtxluhv dq dgdswdwlrq ri wkh prgho suhvhqwhg lq wklv sdshu dqg
lv uhohjdwhg wr dq dsshqgl{1
Wkh uroh ri orzhu frqwrxu vhwv lq H{dpsoh 6 vxjjhvwv wkdw wkhuh lv d frqqhfwlrq
ehwzhhq dwwdlqdelolw| zlwk udwlrqdo dvsludwlrq ixqfwlrqv dqg wkh surshuw| ri Pdvnlq
Prqrwrqlflw| +vhh Pdvnlq ^45‘,1 Zh vkdoo vkrz wkdw wklv lv lqghhg wkh fdvh1
4<Gh￿qlwlrq 44 D VFF lv Pdvnlq Prqrwrqlf +PP, li=




￿, iru doo lj$i d 5 V+x￿,j=
Sursrvlwlrq 4 Ohw V eh d VFF wkdw lv dwwdlqdeoh lq d Vdwlvidfwru| zd| zlwk udwlrqdo
dvsludwlrqv1 Wkhq V lv Pdvnlq Prqrwrqlf1
Surri1 Ohw d 5 V+x,> zkhuh V lv dwwdlqdeoh lq d Vdwlvidfwru| zd| zlwk udwlrqdo
dvsludwlrq ixqfwlrqv1 Wkhq=
x￿+d￿, ￿ x￿+}￿, iru doo }￿ 5 ]￿+d,=
Ohw xv qrz frqvlghu d qhz hfrqrp| x￿> zklfk lv d wudqvirupdwlrq ri x ri wkh w|sh
frqvlghuhg lq wkh surshuw| ri PP= E| wkh dqwhfhghqw ri PP/
x￿
￿+d￿, ￿ x￿
￿+}￿, iru doo }￿ 5 ]￿+d,=
Exw wkhq/ d lv dovr d Vdwlvidfwru| doorfdwlrq iru x￿> dqg wkxv/ d 5 V+x,> zklfk
lpsolhv wkdw V lv PP1
Li V lv dq VFF wkdw lv dwwdlqdeoh lq dq Dghtxdwh zd| zlwk udwlrqdo dvsludwlrq
ixqfwlrqv/ V qhhg qrw eh PP1 Frqvwuxfwlqj dq h{dpsoh lq h{fkdqjh hfrqrplhv zlwk
5 djhqwv lv txlwh vlpsoh1 Ohw d @ V+x￿>x 2, zlwk x￿+d￿, @ x￿+#￿+d>x￿,, iru l @4 >5=
Qrz fkrrvh x￿ vxfk wkdw x￿
￿+d￿, 9@ x￿
￿+#￿+d>x￿
￿,, iru vrph l=
Lq hfrqrplf hqylurqphqwv zlwk qA5/ PP lv d vx!flhqw frqglwlrq iru Qdvk
lpsohphqwdwlrq1 Wkxv/ xqghu wkh deryh frqglwlrqv/ dwwdlqdelolw| lq d Vdwlvidfwru|
zd| lpsolhv Qdvk lpsohphqwdwlrq1
Zh frqfoxgh rxu glvfxvvlrq rq PP srlqwlqj rxw wzr lpsruwdqw idfwruv= Iluvw/ wkdw
dwwdlqdelolw| zlwk ghfhqwudol}hg dvsludwlrq ixqfwlrqv grhv qrw lpso| PP= Lq H{dpsoh
6 zh suhvhqwhg d VFF wkdw vdwlv￿hg Qrq0R￿vhwwlqj Yhwr/ dqg wkxv/ e| Wkhruhp 5/ zdv
dwwdlqdeoh1 Lw glg qrw vdwlvi| PP/ krzhyhu1 Vhfrqgo|/ wkh frqyhuvh wr Sursrvlwlrq
4 grhv qrw krog/ l1h1/ PP grhv qrw lpso| dwwdlqdelolw| lq d Vdwlvidfwru| zd| zlwk
udwlrqdo dvsludwlrq ixqfwlrqv= Wkh Sduhwr fruuhvsrqghqfh lq h{fkdqjh hfrqrplhv/
iru lqvwdqfh/ lv PP exw grhv qrw vdwlvi| Qrq0R￿vhwwlqj Yhwr/ zklfk lv d qhfhvvdu|
frqglwlrq iru d VFF wr eh dwwdlqdeoh lq d Vdwlvidfwru| zd|1
53Frqvlvwhqf| lv dqrwkhu surshuw| wkdw kdv ehhq xvhg wr fkdudfwhul}h VFFv143 Lw
uhvwulfwv wkh ehkdylru ri d VFF zkhq ghdolqj zlwk hfrqrplhv zlwk d yduldeoh qxpehu
ri djhqwv1 D VFF lv frqvlvwhqw li zkhqhyhu lw fkrrvhv dq doorfdwlrq d iru dq hfrqrp|
zlwk d vhw ri djhqwv Q/ wkhq iru dq| vxejurxs Q￿ ri Q> lw fkrrvhv wkh uhvwulfwlrq ri
d wr Q￿ iru wkh ￿uhgxfhg hfrqrp|￿ zlwk d vhw ri djhqwv Q￿ = wklv uhgxfhg hfrqrp|
lv ghulyhg iurp wkh ruljlqdo rqh e| dwwulexwlqj wkh fruuhvsrqglqj frpsrqhqwv ri d
wr wkh lqglylgxdov lq wkh frpsohphqwdu| vxejurxs QqQ￿= Wr suhvhqw wklv surshuw|
irupdoo| zh qhhg vrph dgglwlrqdo qrwdwlrq1 Lq sduwlfxodu/ zkhq wkh vhw ri djhqwv lv
Q zh vkdoo xvh wkh qrwdwlrq D￿ iru wkh vhw ri ihdvleoh doorfdwlrqv/ d￿ iru d jlyhq
doorfdwlrq/ X￿ iru wkh vhw ri dgplvvleoh hfrqrplhv dqg x￿ iru d jlyhq hfrqrp|1 Zh
dovr qhhg wkh iroorzlqj suholplqdu| gh￿qlwlrq=
Gh￿qlwlrq 45 Wkh Uhgxfhg Hfrqrp| ri x￿ 5 X￿ uhodwlyh wr Q￿ ￿ Q dqg d￿ 5 D￿
lv dq hfrqrp|/ ghqrwhg e| u@￿
￿￿ +x￿,> vxfk wkdw= +l, Wkh vhw ri djhqwv lv Q￿= +ll, Wkh
sur￿oh ri xwlolw| ixqfwlrqv lv x￿￿
zkhuh x￿
￿ @ x￿￿
￿ iru doo l 5 Q￿= +lll, Wkh vhw ri
ihdvleoh doorfdwlrqv D￿￿
frpsulvh doo wkh dowhuqdwlyhv dw zklfk doo wkh lqglylgxdov ri
wkh frpsohphqwdu| vxejurxs QqQ￿ uhfhlyh wkhlu frpsrqhqwv ri d￿=
Gh￿qlwlrq 46 D VFF lv Frqvlvwhqw +FRQV, li=
id￿ 5 V+x￿,j$i d￿￿
5 V+u@￿
￿￿ +x￿,, zkhuh d￿
￿ @ d￿￿
￿ iru doo l 5 Q￿j=
Frqvlghu wkh iroorzlqj dvvxpswlrq rq wkh fruuhvsrqghqfh ]￿+d,=
Dvvxpswlrq 6 Ohw Q￿ ￿ Q/ d￿ 5 D￿ dqg d￿￿
5 D￿￿
vxfk wkdw iru doo l 5 Q￿>
d￿
￿ @ d￿￿
￿ = Wkhq ]￿+d￿￿
, ￿ ]￿+d￿,=
Wklv dvvxpswlrq vd|v wkdw lq wkh uhgxfhg hfrqrp| qr lqglylgxdo zloo uhylvh wkh vhw
ri exqgohv vkh wklqnv vkh lv hqwlwohg wr xszdugv1 Wklv vhhpv d uhdvrqdeoh surshuw|=
Li l irupv ]￿+d, e| orrnlqj dw d dqg ghflglqj zkdw zrxog eh idlu iru khu/ lw vhhpv
vwudqjh wkdw zkhq vrph djhqwv ohdyh wkh hfrqrp| wkh vhw ]￿+d, ehfrphv odujhu144
Krzhyhu/ frqvlghu wkh fdvh lq zklfk dq lqglylgxdo/ vd| l> kdv d vpdoo exqgoh dqg
wkh rwkhu lqglylgxdov/ iurp v|psdwk| iru l/ kdyh prghvw dvsludwlrqv1 Li l ohdyhv wkh
43Vhh Wkrpvrq ^65‘ iru dq h{fhoohqw lqwurgxfwlrq wr wkh dssolfdwlrqv ri wklv surshuw|1
44Wkh dvsludwlrq ixqfwlrqv lpsolflw lq wkh Hqy|0Iuhh fruuhvsrqghqfh dqg lq wkh frqfhsw ri Vxshu0
Htxlw| +vhh ehorz Gh￿qlwlrq ;, vdwlvi| Dvvxpswlrq 61
54hfrqrp| zlwk khu exqgoh/ wkh uhpdlqlqj djhqwv pljkw zhoo uhylvh wkhlu dvsludwlrqv
xszdugv lq vxfk d zd| wkdw wkh deryh dvvxpswlrq lv ylrodwhg1
Sursrvlwlrq 5 Ohw V eh d VFF zklfk lv dwwdlqdeoh lq d Vdwlvidfwru| zd| zlwk udwlrqdo
dvsludwlrqv vdwlvi|lqj Dvvxpswlrq 61 Wkhq V lv Frqvlvwhqw1
Surri1 Ohw x￿ 5 X￿ dqg d￿ 5 V+x￿,= Li V lv dwwdlqdeoh lq d Vdwlvidfwru| zd|/ wkhuh
duh dvsludwlrq ixqfwlrqv #￿ vxfk wkdw=
x￿+d￿
￿ , ￿ x￿+#￿+d￿>x ￿
￿ ,, ￿ x￿+}￿, iru doo }￿ 5 ]￿+d,=
Ohw Q￿ ￿ Q dqg frqvlghu wkh uhgxfhg hfrqrp| u@￿
￿￿ +x￿,= Vlqfh d￿
￿ @ d￿￿
￿ iru doo
l 5 Q￿> e| Dvvxpswlrq 6 zh kdyh wkdw=
x￿+d￿￿
￿ , @ x￿+d￿
￿ , ￿ x￿+#￿+d￿>x ￿
￿ ,, ￿ x￿+#￿+d￿￿
>x ￿
￿ ,, iru doo l 5 Q￿=
Wkxv/ d￿￿
5 V+u@￿
￿￿ +x￿,, dqg V lv frqvlvwhqw1
Uhpdun 4 Li/ lq Dvvxpswlrq 6/ zh zulwh ]￿+d￿￿
, @ ]￿+d￿,> Sursrvlwlrq 6 dovr krogv
iru dq| VFF wkdw lv dwwdlqdeoh lq dq Dghtxdwh zd|1
Qrwh wkdw wkh frqyhuvh ri Sursrvlwlrq 5 grhv qrw krog= wkh Sduhwr VFF lq h{fkdqjh
hfrqrplhv iru lqvwdqfh lv qrw dwwdlqdeoh exw lw lv frqvlvwhqw1
Wkh surshuw| ri Srsxodwlrq Prqrwrqlflw| dovr ghdov zlwk fkdqjhv lq wkh qxpehu
ri djhqwv1 Lw uhtxluhv wkdw ￿zkhq dgglwlrqdo djhqwv duulyh/ dqg wkh sur￿oh ri zhoiduh
ohyhov fkrvhq e| wkh vroxwlrq iru wkh lqlwldo jurxs uhpdlqv ihdvleoh rqo| e| ￿ljqrulqj
wkh qhzfrphuv￿/ wkhq qrqh ri wkh djhqwv lqlwldoo| suhvhqw jdlq￿ +Wkrpvrq ^64‘,1
Frqyhuvho|/ li vrph lqglylgxdov ohdyh wkh hfrqrp| fduu|lqj qr uhvrxufhv dw doo/ qrqh
ri wkh uhpdlqlqj djhqwv orvhv1 Zh vwdwh wklv surshuw| irupdoo|1
Gh￿qlwlrq 47 Ohw Q￿ ￿ Q dqg D￿￿
@ D￿= D VFF lv Srsxodwlrq Prqrwrqlf +SRS0
PRQ, li iru doo l 5 Q￿ dqg iru doo d￿￿
5 V+x￿￿
, dqg d￿ 5 V+x￿,>x ￿+d￿￿
￿ , ￿ x￿+d￿
￿ ,=
Dvvxpswlrq 7 Ohw Q￿ ￿ Q>d￿ 5 D￿ dqg e d￿￿
5 D￿￿
=Wkhq/ ]￿+d￿, ￿ ]￿+e d￿￿
, iru
doo l 5 Q￿=
55Dvvxpswlrq 7 vwdwhv wzr wklqjv1 Iluvw/ wkdw wkh exqgohv wr zklfk hdfk lqglylgxdo
wklqnv vkh lv hqwlwohg/ gr qrw ghshqg rq wkh sduwlfxodu doorfdwlrq/ exw udwkhu rq wkh
qxpehu ri lqglylgxdov lqfoxghg lq wkh hfrqrp|1 Vhfrqg/ wkdw qr lqglylgxdo ehfrphv
juhhglhu zkhq pruh lqglylgxdov duulyh dqg wkh uhvrxufhv gr qrw fkdqjh1 Zh pxvw
srlqw rxw wkdw wklv lv d ohvv uhdvrqdeoh surshuw| wkdq wkh rqh vwdwhg lq Dvvxpswlrq
6/ vlqfh lq Dvvxpswlrq 7 wkh lqfoxvlrq kdv wr krog iru hyhu| doorfdwlrq1
Sursrvlwlrq 6 Li V lv d VFF wkdw lv dwwdlqdeoh lq dq Dghtxdwh zd| zlwk udwlrqdo
dvsludwlrqv vdwlvi|lqj Dvvxpswlrq 7/ wkhq V lv SRSPRQ1
Surri1 Ohw d￿ 5 V+x￿,= Dv V lv dwwdlqdeoh lq dq Dghtxdwh zd|/ wkhuh duh dvslud0
wlrq ixqfwlrqv #￿ vxfk wkdw iru doo l> x￿+d￿
￿ , @ x￿+#￿+d￿>x ￿
￿ ,, zkhuh #￿+d￿>x ￿
￿ , @
dujpd{x￿
￿ +}￿, iru doo }￿ 5 ]￿+d￿,= Ohw e d￿￿
5 V+x￿￿
,= Djdlq wkhuh duh dvsludwlrq
ixqfwlrqv #￿ vxfk wkdw iru doo l> x￿+e d￿￿
￿ , @ x￿+#￿+e d￿￿
>x ￿￿




￿ +}￿, iru doo }￿ 5 ]￿+d￿￿
,= E| Dvvxpswlrq 7 zh nqrz wkdw ]￿+d￿, ￿ ]￿+e d￿￿
,
zklfk lq wxuq lpsolhv x￿+#￿+d￿>x ￿
￿ ,, ￿ x￿+#￿+e d￿￿
>x ￿￿
￿ ,, dqg wkxv x￿+d￿
￿ , ￿ x￿+e d￿￿
￿ ,
iru doo l 5 Q￿= Wkhq V lv SRSPRQ1
Dvvxpswlrq 7 lv vwurqj exw/ zlwkrxw lw/ Sursrvlwlrq 6 grhv qrw krog1 Lq vxfk d
fdvh wkh vhw ]+￿, ri vrph lqglylgxdo vkulqnv zkhq rwkhu lqglylgxdov ohdyh wkh hfrqrp|
zlwkrxw dq| uhvrxufhv dw doo1 Li wkh VFF lv Dghtxdwh dwwdlqdeoh lw pljkw eh wkdw wkh
pd{lpxp xwlolw| dwwdlqdeoh zlwklq d vpdoohu vhw lv ohvv wkdq lw zdv lqlwldoo|1
Zh hqg rxu glvfxvvlrq ri SRSPRQ e| qrwlqj wzr wklqjv1 Iluvw/ wkh frqyhuvh ri
Sursrvlwlrq 6 grhv qrw krog1 Iru lqvwdqfh/ wkh Hjdolwduldq0Htxlydohqw fruuhvsrqghqfh
lv SRSPRQ/ exw lv qrw dwwdlqdeoh lq dq Dghtxdwh zd|1 Vhfrqg/ hyhq li Dvvxpswlrq
7 krogv/ d Vdwlvidfwru| dwwdlqdeoh VFF lv qrw qhfhvvdulo| SRSPRQ/d vv k r z qe |w k h
iroorzlqj h{dpsoh=
H{dpsoh 7 Frqvlghu d sxuh h{fkdqjh hfrqrp| zlwk djjuhjdwh hqgrzphqw $= Ohw
Q @ i4>5>6j dqg dvvxph doo lqglylgxdov kdyh Free0Grxjodv xwlolw| ixqfwlrqv1 Iru















h{dfwo| wkh vdph dv ]2+d￿,= Dvvxph wkdw wkh rqo| doorfdwlrq fkrvhq e| wkh VFF lv wkh
rqh wkdw jlyhv ￿










= Ehfdxvh wkh VFF lv dwwdlqdeoh lq d Vdwlvidfwru|
56zd|/ lw pxvw dvvljq wr lqglylgxdo 5 d exqgoh vxfk wkdw khu xwlolw| lv dw ohdvw dv kljk
dv zlwk ￿
e ri wkh djjuhjdwh hqgrzphqw1 Exw wklv lpsolhv wkdw lqglylgxdo rqh orvhv zlwk
wkh ghsduwxuh ri lqglylgxdo 61
Ilqdoo|/ zh pxvw srlqw rxw wkdw li zh vwuhqjwkhq Dvvxpswlrq 7 e| zulwlqj ]￿+d￿,@
]￿+e d￿￿





Zh qrz wxuq rxu dwwhqwlrq wr Zhdn Dwwdlqdelolw|1 Wkh iroorzlqj frqglwlrq lv qhfhv0
vdu| iru d VFF wr eh zhdno| dwwdlqdeoh lq dq Xqeldvhg zd|/ dqg/ lq wkh wzr0djhqw fdvh/
lw lv dovr vx!flhqw1 Xqiruwxqdwho| vx!flhqf| idlov zlwk pruh wkdq wzr lqglylgxdov1
Gh￿qlwlrq 48 D VFF vdwlv￿hv Vhohfwlyh R￿vhwwlqj Yhwr li iru doo d 5 V+x, dqg x￿ @
+x￿
￿>==>x￿
?, vxfk wkdw hlwkhu d 5 V+x￿
￿>x 3￿, iru doo l ru d @ 5 V+x￿
￿>x 3￿, exw d 5 S+x￿
￿>x 3￿,
iru doo l/w k h qd 5 V+x￿,=
Vhohfwlyh R￿vhwwlqj Yhwr vwdwhv wzr wklqjv1 Iluvw/ li qrerg| yhwrhv dq doorfdwlrq
zkhq xwlolw| ixqfwlrqv duh fkdqjhg rqh e| rqh/ wkh| zloo qrw yhwr zkhq doo wkh xwlolw|
ixqfwlrqv fkdqjh vlpxowdqhrxvo|1 Vhfrqg/ li hyhu| lqglylgxdo yhwrhv dq doorfdwlrq
zkhq wkh| fkdqjh wkhlu xwlolw| ixqfwlrqv rqh e| rqh/ exw wklv doorfdwlrq uhpdlqv Sduhwr
h!flhqw/ wklv yhwr lv r￿vhw zkhq doo lqglylgxdov pdnh vxfk d fkdqjh vlpxowdqhrxvo|1
Frqvlghu wkh iroorzlqj dvvxpswlrq=
Dvvxpswlrq 8 d, Ohw d 5 V+x,= Wkhq x￿+d￿, Ax ￿+d￿, iru doo l dqg d￿ 5 lqw [￿= e,
Xwlolw| ixqfwlrqv duh frqwlqxrxvo| gl￿huhqwldeoh dqg frqfdyh1
Wkhruhp 6 Vxssrvh wkdw dvsludwlrq ixqfwlrqv duh ghfhqwudol}hg dqg Dvvxpswlrq 8
krogv1 Wkhq= d, Vhohfwlyh R￿vhwwlqj Yhwr lv qhfhvvdu| iru dq| VFF wr eh zhdno|
dwwdlqdeoh lq dq Xqeldvhg zd|> e, Xqghu Dvvxpswlrq 5 dqg q @5lw lv dovr vx!flhqw>
f, zlwk pruh wkdq wzr djhqwv lw lv qrw d vx!flhqw frqglwlrq1
Surri1 Xqghu Dvvxpswlrq 8 zh kdyh=
l, Iru doo sur￿ohv x>x￿ 5 X vxfk wkdw d 5 S+x, dqg d 5 S+x￿
￿>x 3￿, iru doo l> lw pxvw
eh wkdw d 5 S+x￿,=
57ll, Iru doo sur￿ohv x>x￿ 5 X vxfk wkdw d 5 S+x,/ d 5 S+x￿
￿>x 3￿, iru vrph l dqg
d@ 5 S+x￿
￿>x 3￿, iru vrph m> lw pxvw eh wkdw d@ 5 S+x￿,=45
d, Vxssrvh V lv zhdno| dwwdlqdeoh lq dq Xqeldvhg zd| yld vrph ghfhqwudol}hg dvsl0
udwlrq ixqfwlrqv #> d 5 V+x, dqg wkhuh lv x￿ @+ x￿
￿>==>x￿
?, vxfk wkdw d 5 V+x￿
￿>x 3￿, iru
doo l1 E| gh￿qlwlrq ri zhdn dwwdlqdelolw| d 5 S+x￿
￿>x 3￿, iru doo l dqg wkxv/ d 5 S+x￿,=
Vxssrvh wkdw x￿+d￿, ￿ x￿+#￿+d>x￿,, iru doo l1L i d 5 V+x￿




￿,,= Dv wklv lv wkh fdvh iru doo l dqg d 5 S+x￿,> lw krogv wkdw
d 5 V+x￿,= Li d@ 5 V+x￿
￿>x 3￿, exw d 5 S+x￿




Dv wklv lv wkh fdvh iru doo l> dqg djdlq d 5 S+x￿,> wkhq d 5 V+x￿,1 Wkh fdvh lq zklfk
x￿+d￿, ?x ￿+#￿+d>x￿,, iru doo l lv ghdow zlwk vlploduo|1





2,= Zh looxvwudwh wklv lq Wdeoh L +vhh Dsshqgl{ 4,1 Lq eudfnhwv zh zulwh krz
dvsludwlrq ixqfwlrqv vkrxog eh frqvwuxfwhg1 Iru h{dpsoh/ +AA, phdqv zh fkrrvh
dvsludwlrq ixqfwlrqv # vxfk wkdw x￿+d￿, Ax ￿+#￿+d>x￿,, iru doo l1 Zh vwduw wkh ￿uvw
f h o oz l w k+ AA, exw zh frxog vwduw zlwk +??, lqvwhdg1 Wdeoh LL looxvwudwhv wkh fdvh
lq zklfk d @ 5 V+x, exw d 5 S+x,= Wkh fdvh zkhuh d @ 5 S+x, dqg/ wkxv/ d @ 5 V+x,> lv
vlplodu wr wkh rqh ghdow zlwk lq Wdeoh LL1
f, Zh suhvhqw dq h{dpsoh zlwk wkuhh djhqwv= Vxssrvh d 5 V+x￿
￿>x 2>x ￿,>d5 V+x￿>x ￿
2>x ￿,>
d 5 V+x￿>x 2>x ￿
￿, dqg d @ 5 V+x￿>x 2>x ￿, exw d 5 S+x￿>x 2>x ￿,= Qrwh wkdw wklv h{0
dpsoh grhv qrw frqwudglfw Vhohfwlyh R￿vhwwlqj Yhwr1 Wr jhw ulg r￿ d lq wkh hfrq0
rp| +x￿>x 2>x ￿, zh qhhg dvsludwlrq ixqfwlrqv vxfk wkdw x￿+d￿, ￿ x￿+#￿+d>x￿,, dqg
x￿+d￿, ?x ￿+#￿+d>x￿,, iru vrph sdlu l>m zlwk m 9@ l= Zlwkrxw orvv ri jhqhudolw|/ vxs0
srvh wkdw l @4dqg m @5 = Exw wkhq d fdqqrw eh zhdno| dwwdlqhg lq wkh hfrqrp|
+x￿>x 2>x ￿
￿,=
Zh qrz yhuli| zkhwkhu wkh VFFv frqvlghuhg lq wkh fdvh ri dwwdlqdelolw| vdwlvi|
Vhohfwlyh R￿vhwwlqj Yhwr xqghu Dvvxpswlrq 81
41 Sduhwr fruuhvsrqghqfh1 Lw wulyldoo| vdwlv￿hv Vhohfwlyh R￿vhwwlqj Yhwr1
51 Wkh Fruh fruuhvsrqghqfh1 Lw vdwlv￿hv Vhohfwlyh R￿vhwwlqj Yhwr lq H{fkdqjh
Hfrqrplhv zkhq q @5 1 Zkhq wkh ￿uvw dqwhfhghqw dssolhv/ wkh frqvhtxhqw lv do0
zd|v wuxh1 Wkh vhfrqg dqwhfhghqw fdq qhyhu rffxu1 Zh ohdyh zkhwkhu ru qrw lw lv
45Lw lv hdv| wr suhvhqw h{dpsohv zkhuh/ e| gursslqj wkh frqglwlrqv rq Dvvxpswlrq 8/ hlwkhu +l, ru
+ll, idlo1
58vdwlv￿hg iru qA5 dv dq rshq sureohp1
61 Zdoudvldq fruuhvsrqghqfh1 Wklv fruuhvsrqghqfh vdwlv￿hv Vhohfwlyh R￿vhwwlqj Yhwr1
Dv lq wkh suhylrxv fdvh/ rqo| wkh ￿uvw dqwhfhghqw fdq rffxu1
71 Hqy|0Iuhh fruuhvsrqghqfh1 Vlqfh wkh Hqy|0Iuhh fruuhvsrqghqfh lv qrw d vxevhw
ri wkh Sduhwr fruuhvsrqghqfh lw lv qrw zhdno| dwwdlqdeoh1 Wkxv/ ohw xv frqvlghu wkh
lqwhuvhfwlrq ri wkh Hqy|0Iuhh dqg wkh Sduhwr fruuhvsrqghqfh +dvvxplqj wkdw lw lv
qrq0hpsw|,1 Lw lv reylrxv wkdw lq wklv fdvh/ Vhohfwlyh R￿vhwwlqj Yhwr lv vdwlv￿hg1
81 Hjdolwduldq Htxlydohqw fruuhvsrqghqfh1 Djdlq/ wkh Hjdolwduldq0Htxlydohqw fruuh0
vsrqghqfh lv qrw d vxevhw ri wkh Sduhwr fruuhvsrqghqfh dqg/ wkxv/ lw lv qrw zhdno|
dwwdlqdeoh1 Pruhryhu/ wkh lqwhuvhfwlrq ehwzhhq wkh Hjdolwduldq0Htxlydohqw fruuhvsrq0
ghqfh dqg wkh Sduhwr fruuhvsrqghqfh grhv qrw vdwlvi| Vhohfwlyh R￿vhwwlqj Yhwr1 Ilj0
xuh 7 looxvwudwhv wklv lq wkh fdvh ri H{fkdqjh Hfrqrplhv1 Wkh doorfdwlrq d @ +d￿>d 2,
lv Hjdolwduldq0Htxlydohqw lq wkh hfrqrp| +x￿>x 2, dqg lw lv dovr Sduhwr h!flhqw= Lq
+x￿
￿>x 2, dqg +x￿>x ￿
2, lw lv qrw Hjdolwduldq0Htxlydohqw exw lw lv lqghhg Sduhwr h!flhqw1
Lq +x￿
￿>x ￿
2,> krzhyhu/ dowkrxjk lw lv Sduhwr h!flhqw lw lv qrw Hjdolwduldq0Htxlydohqw=
Lqvhuw Iljxuh 7 derxw khuh1
91 Wkh Sursruwlrqdo vroxwlrq1 Lw vdwlv￿hv wulyldoo| Vhohfwlyh R￿vhwwlqj Yhwr1
:1 Doo VFFv wkdw vhohfw wkh vhw ri doorfdwlrqv lq zklfk hdfk lqglylgxdo lv dw ohdvw
dv zhoo0r￿ dv lq vrph ￿{hg exqgoh/ dv lq wkh Htxdo Vsolw Orzhu Erxqg ru wkh vhw ri
Lqglylgxdoo| Udwlrqdo doorfdwlrqv vdwlvi| Vhohfwlyh R￿vhwwlqj Yhwr1
Dv lq wkh suhylrxv vhfwlrq zh vwxg| wkh uhodwlrqvkls ehwzhhq zhdno| dwwdlqdelolw|
dqg vrph vwdqgdug surshuwlhv iurp wkh olwhudwxuh rq VFFv1
Zh frqvlghu ￿uvw PP1 Zh ￿qg wkdw qhlwkhu PP lpsolhv Zhdn Dwwdlqdelolw| qru
wkh frqyhuvh1 Iljxuh 8 looxvwudwhv wkh ￿uvw dvvhuwlrq lq dq h{dpsoh zlwk wzr lqglylgxdov
dqg wzr jrrgv1 Lq erwk wkh hfrqrp| +x￿>x 2, dqg wkh hfrqrp| +x￿
￿>x 2, wkh xqltxh
doorfdwlrq fkrvhq e| vrph VFF lv d= Qrwh wkdw wkh vhfrqg hfrqrp| lv d prqrwrqlf
wudqvirupdwlrq ri wkh ￿uvw rqh1 Krzhyhu/ d lv dq Xqeldvhg doorfdwlrq iru hfrqrp|
+x￿>x 2, dowkrxjk lw lv qrw iru hfrqrp| +x￿
￿>x 2,= Dvsludwlrq ixqfwlrqv duh frqvwdqw dw
wkh srlqwv gudzq lq wkh ￿jxuh1
Lqvhuw Iljxuh 8 derxw khuh1
59Iljxuh 9 looxvwudwhv wkh vhfrqg dvvhuwlrq1 Djdlq zh dvvxph wkdw dvsludwlrq ixqfwlrqv
duh frqvwdqw dw wkh srlqwv uhsuhvhqwhg lq wkh ￿jxuh1 Wkh VFF vhohfwv d lq wkh hfrqrp|
+x￿>x 2, dqg e lq wkh hfrqrp| +x￿
￿>x 2, zkhuh x￿
￿ lv ri wkh Ohrqwlh￿ w|sh1 Erwk door0
fdwlrqv duh Xqeldvhg lq wkhlu uhvshfwlyh hfrqrplhv1 PP lv ylrodwhg krzhyhu/ vlqfh/
dffruglqj wr wklv surshuw|/ d pxvw eh fkrvhq lq wkh hfrqrp| +x￿
￿>x 2,=
Lqvhuw Iljxuh 9 derxw khuh1
Wkh vhfrqg surshuw| lv Frqvlvwhqf|1 Zh fdq surylgh d uhvxow vlplodu wr wkh rqh
lq Uhpdun 4= Li lq Dvvxpswlrq 6 zh zulwh ]￿+d￿￿
,@]￿+d￿,> Sursrvlwlrq 5 dovr
krogv iru d VFF dwwdlqdeoh lq dq Xqeldvhg zd|1 Rqfh djdlq/ wkh frqyhuvh lv qrw
wuxh= Wkh lqwhuvhfwlrq ri wkh Sduhwr fruuhvsrqghqfh dqg wkh Hjdolwduldq0Htxlydohqw
fruuhvsrqghqfh lv frqvlvwhqw exw lw lv qrw zhdno| dwwdlqdeoh lq dq Xqeldvhg zd| vlqfh
lw idlov Vhohfwlyh R￿vhwwlqj Yhwr1
Wkh wklug surshuw| lv Srsxodwlrq Prqrwrqlflw|1 Zh rewdlq d uhvxow wkdw lv vlplodu
wr wkh fdvh ri Vdwlvidfwru| dwwdlqdelolw|1 Li zh vwuhqjwk Dvvxpswlrq 7 e| uhtxlulqj
]￿+d￿, @ ]￿+e d￿
￿
, lw lv hdv| wr vkrz wkdw dq| Xqeldvhg dwwdlqdeoh VFF lv SRSPRQ1
Hyhq lq wklv fdvh/ wkh frqyhuvh lv qrw wuxh dv vkrzq lq H{dpsoh 71
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Lq wklv sdshu zh kdyh sursrvhg d jhqhudo phwkrg iru uhsuhvhqwlqj wkh dvsludwlrqv ri
lqglylgxdov1 Zh kdyh dujxhg wkdw pdq| frqfhswv ri mxvwlfh fdq eh xqghuvwrrg lq whupv
ri dvsludwlrq ixo￿oophqw1 Pruhryhu/ surshuwlhv xvhg wr fkdudfwhul}h Vrfldo Fkrlfh
Fruuhvsrqghqfhv 0olnh frqvlvwhqf|/ srsxodwlrq prqrwrqlflw|/ hwf10 fdq eh rewdlqhg e|
lpsrvlqj fhuwdlq surshuwlhv wr dvsludwlrqv1 Wklv vxjjhvwv wkdw lpsrvlqj surshuwlhv
wr dvsludwlrqv pd| eh d iuxlwixo zd| wr lghqwli| qhz vroxwlrqv ru/ shukdsv wr rewdlq
lpsrvvlelolw| uhvxowv1
Zh hqg wklv sdshu vxjjhvwlqj wzr srvvleoh frqqhfwlrqv ri rxu dssurdfk1 Rq wkh
rqh kdqg/ wkh lghd wkdw frqfhswv ri mxvwlfh vkrxog eh ghulyhg iurp lqglylgxdov pd| eh
frqqhfwhg zlwk qrwlrqv olnh Kduvdq|l*v yhlo ri ljqrudqfh/ Duurz*v h{whqghg v|psdwk|
ru Vhq*v wkhru| ri fdsdelolwlhv dqg uhodwhg d{lrpdwlfv ri hfrqrplf rssruwxqlwlhv +vhh
Rn dqg Nudqlfk ^4:‘ dqg wkh sdshuv flwhg wkhuh,1 Rq wkh rwkhu kdqg/ rxu qrwlrq
ri dq dvsludwlrq lv forvh wr wkdw ri dq remhfwlrq lq wkh wkhru| ri frrshudwlyh jdphv
5:+vhh Rveruqh dqg Uxelqvwhlq ^4;‘/ fkdswhu 47, dqg wr lqglylgxdo edujdlqlqj vroxwlrq
ixqfwlrqv +vhh ydq Gdpph ^68‘,1
5;DSSHQGL[ 4= Sduw +e, ri Wkhruhp 61




d 5 V+x￿>x 2, d 5 V+x￿>x ￿
2, d@ 5 V+x￿>x ￿
2, d@ 5 S+x￿>x ￿
2,
x￿ +AA, +AA, +A?, +A? ru AA,
d 5 V+x￿
￿>x 2, d 5 V+x￿
￿>x ￿
2, d@ 5 V+x￿
￿>x ￿
2, d@ 5 S+x￿
￿>x ￿
2,
+AA, +AA, +A?, +AA ru A?,
d @ 5 V+x￿
￿>x 2, d @ 5 V+x￿
￿>x ￿
2, d 5 V+x￿
￿>x ￿
2, d @ 5 S+x￿
￿>x ￿
2,
+?A, +?A, +??, +?A ru A? ru AA,
x￿




d @ 5 S+x￿
￿>x 2, d @ 5 S+x￿
￿>x ￿
2, d @ 5 S+x￿
￿>x ￿
2, d @ 5 V+x￿
￿>x ￿
2,
+AA ru ?A, +AA ru ?A, +AA ru ?A +?A ru A?,
ru A?, d @ 5 S+x￿
￿>x ￿
2,
+AA ru ?A ru A?,
Wdeoh L= d 5 V+x,
5<x2 x￿
2
d@ 5 V+x￿>x 2, d 5 V+x￿>x ￿
2, d@ 5 V+x￿>x ￿
2, d@ 5 S+x￿>x ￿
2,
x￿ +?A, +??, +?A, +?A ru ??,
d 5 V+x￿
￿>x 2, d@ 5 V+x￿
￿>x ￿
2, d 5 V+x￿
￿>x ￿
2, d@ 5 S+x￿
￿>x ￿
2,
+AA, +A?, +AA, +AA ru A?,
d@ 5 V+x￿
￿>x 2, d 5 V+x￿
￿>x ￿
2, d@ 5 V+x￿
￿>x ￿
2, d@ 5 S+x￿
￿>x ￿
2,
+?A, +??, +?A, +A? ru AA,
x￿




d @ 5 S+x￿
￿>x 2, d @ 5 S+x￿
￿>x ￿
2, d @ 5 S+x￿
￿>x ￿
2, d @ 5 V+x￿
￿>x ￿
2,
+?A ru AA, +?? ru A?, +?A ru AA, +?A ru A?,
d @ 5 S+x￿
￿>x ￿
2,
+?A ru AA ru ??,
Wdeoh LL= d @ 5 V+x, exw d 5 S+x,
63DSSHQGL[ 5= Uhvrxufh 2 Whfkqrorjlfdo Prqrwrqlflw| +UPRQ,1
Lq wklv dsshqgl{ zh vwxg| wkh frqqhfwlrq ehwzhhq wkh surshuwlhv ri Uhvrxufh dqg
Whfkqrorjlfdo Prqrwrqlflw| dqg rxu frqfhswv ri dwwdlqdelolw|1 Uhvrxufh Prqrwrqlflw|
vwdwhv wkdw zkhq wkh djjuhjdwh hqgrzphqw lq wkh hfrqrp| jurzv/ qr djhqw pxvw
eh dgyhuvho| d￿hfwhg1 Whfkqrorjlfdo Prqrwrqlflw| vwdwhv wkdw zkhq wkh whfkqrorj|
lpsuryhv/ qr djhqw pxvw eh dgyhuvho| d￿hfwhg146 Lq wklv dsshqgl{/ zh r￿hu d xql￿hg
wuhdwphqw ri Whfkqrorjlfdo dqg Uhvrxufh Prqrwrqlflw|1
Wkurxjkrxw wklv dsshqgl{/ zh ￿{ wkh sur￿oh ri xwlolw| ixqfwlrqv x @+ x￿>==>x?,=
Ohw $ gh￿qh d sdudphwhu uhsuhvhqwlqj wkh djjuhjdwh hqgrzphqw ru wkh whfkqrorj| ri
wkh hfrqrp|1 Wkh vhw ri hfrqrplhv lv ￿ dqg $ d sduwlfxodu hfrqrp|1 Wkh ihdvleoh vhw
iru d jlyhq $ lv ghqrwhg e| D+$,= Gh￿qh D @ ^/MlD+$,= Wkh vhw ri Sduhwr h!flhqw
doorfdwlrqv iru jlyhq $ lv ghqrwhg e| S+$,= DV F FV lv gh￿qhg dv V =￿$D / zkhuh
V+$, ￿ D+$,=
Gh￿qlwlrq 49 DV F FV vdwlv￿hv Uhvrxufh 2 Whfkqrorjlfdo Prqrwrqlflw| +UHVPRQ,
li=
id 5 V+$,>D +$, ￿ D+$￿,j$i ; d￿ 5 V+$￿,>x ￿+d￿, ￿ x￿+d￿
￿, iru doo lj=
Zh zloo xvh wkh qrwdwlrq ]￿+d>$, wr vwuhvv wkh ghshqghqfh ri $=
Dvvxpswlrq 9 Ohw $>$￿ 5 ￿ vxfk wkdw D+$, ￿ D+$￿,= Wkhq ]￿+d>$, ￿ ]￿+d>$￿, iru
doo d dqg iru doo l=
Wklv dvvxpswlrq suhfoxghv wkh srvvlelolw| wkdw wkh vhw ri exqgohv wkdw l wklqnv
vkh lv hqwlwohg wr/ vkulqnv zkhq wkhuh lv dq lpsuryhphqw lq wkh djjuhjdwh uhvrxufhv
ru lq wkh whfkqrorj| ri wkh hfrqrp|1 Zh qrz kdyh wkh iroorzlqj uhvxow=
Sursrvlwlrq 7 Li V lv dq Dghtxdwh dwwdlqdeoh VFF zlwk udwlrqdo dvsludwlrqv vdwlv0
i|lqj Dvvxpswlrq 9/ wkhq V lv UHVPRQ1
Surri1 Wkh surri ri wklv sursrvlwlrq uxqv sdudooho wr wkdw ri Sursrvlwlrq 61
Dv lq wkh fdvh ri SRSPRQ/ d VFF wkdw lv hlwkhu dwwdlqdeoh lq d Vdwlvidfwru| zd|
ru zhdno| dwwdlqdeoh lq dq Xqeldvhg zd| lv qrw qhfhvvdulo| UHVPRQ +zh fdq xvh dq
h{dpsoh vlplodu wr H{dpsoh 7 wr suryh lw,1
46Vhh Urhphu ^57‘ dqg Fkxq dqg Wkrpvrq ^6‘1
64Zh qrz vwxg| wkh frqyhuvh ri wkh deryh sursrvlwlrq xqghu wkh iroorzlqj dvvxps0
wlrq=
Dvvxpswlrq : +l, Iru doo l> [￿ lv frqyh{ dqg 3 @ 5 [￿1 +ll, D+$, lv frqyh{1 +lll,
Xwlolw| ixqfwlrqv duh vwulfwo| lqfuhdvlqj/ frqwlqxrxv/ vwulfwo| txdvl0frqfdyh dqg vxfk
wkdw iru doo d￿>x ￿+￿d￿, $4zkhq ￿ $4 1
Wkhruhp 7 Vxssrvh Dvvxpswlrq : krogv1 Ohw V eh d Vrfldo Fkrlfh Ixqfwlrq zlwk
V+$, 5 S+$,= Wkhq V lv Dghtxdwh dqg Vdwlvidfwru| dwwdlqdeoh dqg zhdno| Xqeldvhg
dwwdlqdeoh zlwk dvsludwlrq ixqfwlrqv wkdw duh udwlrqdo/ lqfuhdvlqj dqg frqwlqxrxv lq
d= Pruhryhu li V lv UHVPRQ/ wkh vhwv ]￿+d>$, vdwlvi| Dvvxpswlrq 9 iru doo l1
Surri1 Ohw $ @ e $ dqg e d @ V+e $,= Iru doo l dqg iru doo d 5 D+e $, gh￿qh ￿￿+d>e d, 5 U
vxfk wkdw x￿+￿￿+d>e d,e d￿, @ x￿+d￿,= Iru dq| ihdvleoh doorfdwlrq d> ￿￿+d>e d, h{lvwv +ehfdxvh
x￿+￿d￿, $4zkhq ￿ $4 , dqg lv xqltxh +ehfdxvh x￿ lv vwulfwo| lqfuhdvlqj,1 Pruh0
ryhu/ li x￿+d￿, Ax ￿+e d￿, +uhvs1 x￿+d￿, ?x ￿+e d￿,, wkhq ￿￿+d>e d, A 4 +uhvs1 ￿￿+d>e d, ? 4,=
Qrz gh￿qh iru doo l dvsludwlrq ixqfwlrqv dv iroorzv=
#￿+d> e $, @ +￿ . +4 ￿ ￿,￿￿+d>e d,,e d￿ zlwk 3 ?￿?4=
Wkhvh dvsludwlrq ixqfwlrqv dwwdfk wr hyhu| doorfdwlrq d srlqw wkdw olhv lq wkh sdwk wkdw
frqqhfwv e d￿ dqg wkh ruljlq1 Vshfl￿fdoo|/ lw lv orfdwhg ehwzhhq e d￿ dqg ￿￿+d>e d,e d￿= Vlqfh
e d￿ dqg ￿￿+d>e d,e d￿ ehorqj wr [￿> frqyh{lw| ri [￿ lpsolhv wkdw #￿+d> e $, ehorqjv wr [￿=
Wkh qxpehuv ￿￿+d>e d, duh frqwlqxrxv lq d dqg e d +e| frqwlqxlw| ri x￿, dqg wkxv #￿+d> e $,
lv frqwlqxrxv lq d= Vlqfh ￿￿+d>e d, lv lqfuhdvlqj lq d> #￿+d> e $, lv dovr lqfuhdvlqj lq d=
Wkhvh dvsludwlrqv duh udwlrqdo e| wdnlqj ]￿+d>$, @ id￿ m x￿+d￿, 8 x￿+#￿+d> e $,,j iru doo
l +d wlh0euhdnlqj uxoh pxvw eh fkrvhq wr vhohfw #￿+d> e $, zkhq lqgl￿huhqfh rffxuv,=
Ohw e d @ V+e $,= Wkhq ￿￿+e d>e d, @4iru doo l dqg wkxv #￿+e d, @ e d￿ dqg x￿+e d￿, @ x￿+#￿+e d>$,,
iru doo l= Wkhuhiruh/ e d lv dq Dghtxdwh/ Vdwlvidfwru| dqg Xqeldvhg doorfdwlrq1
Ohw d 9@ e d @ V+e $,= Wkhuh duh wkuhh fdvhv=
+l, x￿+d￿, ￿ x￿+e d￿, iru doo l> zlwk dw ohdvw rqh vwulfw lqhtxdolw|1 Wklv lv qrw srvvleoh e|
Sduhwr h!flhqf| ri V=
+ll, x￿+d￿, @ x￿+e d￿, iru doo l= Frqvlghu wkh doorfdwlrq ￿d . +4 ￿ ￿,e d> 3 ?￿?4=
Ehfdxvh D+e $, dqg [￿ duh frqyh{ iru doo l> ￿d . +4 ￿ ￿,e d lv lqglylgxdoo| dqg vrfldoo|
ihdvleoh1 Vlqfh doo lqglylgxdov kdyh vwulfwo| txdvl0frqfdyh suhihuhqfhv/ wkh doorfdwlrq
65￿d.+ 4￿ ￿,e d Sduhwr grplqdwhv wkh doorfdwlrq e d frqwudglfwlqj wkh Sduhwr h!flhqf|
ri V=
+lll, x￿+d￿, ?x ￿+e d￿, iru vrph lqglylgxdo l= Wkhq ￿￿+d>e d, ? 4 dqg +4￿￿+4￿￿￿+d>e d,,, ?
4= Wkxv/ wkh exqgoh #￿+d> e $, lv juhdwhu lq hyhu| frpsrqhqw wkdq ￿￿+d>e d,d￿ dqg e|
vwulfw prqrwrqlflw|/ x￿+d￿,@x￿+￿￿+d>e d,d￿, ?x ￿+#￿+d> e $,,= Wr vxp xs/ e d lv wkh rqo|
Dghtxdwh dqg Vdwlvidfwru| doorfdwlrq1 Qrwh wkdw d lv qrw Sduhwr h!flhqw dqg wkxv lw
fdq qrw eh zhdno| Xqeldvhg1
Ilqdoo|/ li V lv UHVPRQ/ wkh idfw wkdw e d @ V+e $, dqg d￿ @ V+$￿,> zlwk D+e $, ￿
D+$￿, lpsolhv x￿+e d, ￿ x￿+d￿
￿, iru doo l= Exw lq wklv fdvh/ iurp wkh gh￿qlwlrq ri ]￿+￿,
deryh/ lw iroorzv wkdw ]￿+d> e $, ￿ ]￿+d>$￿,= Dvvxpswlrq 9 lv wkhuhiruh vdwlv￿hg1
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^4‘ Fk1 Duqvshujhu/ Hqy|0Iuhhqhvv dqg Glvwulexwlyh Mxvwlfh/ M1 Hfrqrplf Vxuyh|v
;/ 5 +4<<7,/ 48804;91
^5‘ U1 M1 Dxpdqq dqg P1 Pdvfkohu/ Jdph Wkhruhwlf Dqdo|vlv ri d Edqnuxswf|
Sureohp iurp wkh Wdopxg/ M1 Hfrqrplf Wkhru| 69 +4<;8,/ 4<805461
^6‘ \1 Fkxq dqg Z1 Wkrpvrq/ Prqrwrqlflw| Surshuwlhv ri Edujdlqlqj Vroxwlrqv
zkhq dssolhg wr Hfrqrplfv/ Pdwkhpdwlfdo Vrfldo Vflhqfhv 48 +4<;;,/ 4405:1
^7‘ W1 Gdqlho/ D Uhylvhg Frqfhsw ri Glvwulexwlrqdo Htxlw|/ M1 Hfrqrplf Wkhru| 44
+4<:8,/ <7043<1
^8‘ G1 Gldpdqwdudv dqg Z1 Wkrpvrq/ D Uh￿qhphqw dqg H{whqvlrq ri wkh Qr0hqy|
Frqfhsw/ Hfrqrplfv Ohwwhuv 66 +4<<3,/ 54:05551
^9‘ P1 Iohxuedh| dqg I1 Pdqltxhw/ Frrshudwlyh Surgxfwlrq= D Frpsdulvrq ri Zho0
iduh Erxqgv/ Jdphv dqg Hfrqrplf Ehkdylru 4: +4<<9,/ 533053;1
^:‘ G1 Iroh|/ Uhvrxufh Doorfdwlrq dqg wkh Sxeolf Vhfwru/ \doh Hfrqrplf Hvvd|v :
+4<9:,/ 780<;1
^;‘ O1 Jhyhuv/ Zdoudvldq Vrfldo Fkrlfh= Vrph Vlpsoh D{lrpdwlf Dssurdfkhv1 Lq Z1
Khoohu hw do1/ hgv1/ ￿Vrfldo Fkrlfh dqg Sxeolf Ghflvlrq Pdnlqj= Hvvd|v lq Krqru
ri N1 M1 Duurz/￿ Yro1 4/ ss1 <:0447/ Fdpeulgjh X1 Suhvv/ Qhz \run/ 4<;91
^<‘ V10Fk1/ Nrop/ Vxshu0￿txlw￿/ N|norv 59/ 7 +4<:6,/ ;740;761
^43‘ I1 Pdqltxhw/ Doorfdwlrq Uxohv iru d Frpprqo| Rzqhg Whfkqrorj|= wkh Dyhudjh
Frvw Orzhu Erxqg/ M1 Hfrqrplf Wkhru| 9< +4<<9,/ 7<3083:1
^44‘ D1 Pdv0Frohoo/ Uhpdunv rq wkh Jdph Wkhruhwlf Dqdo|vlv ri d Vlpsoh Glvwulexwlrq
ri Vxusoxv Sureohp/ Lqwhuqdwlrqdo M1 ri Jdph Wkhru| 75 +4<;3,/ 45804731
^45‘ H1 Pdvnlq/ ￿Qdvk Lpsohphqwdwlrq dqg Zhoiduh Rswlpdolw|￿/ plphr/ 4<::1
^46‘ K1 Prxolq/ ￿D{lrpv ri Frrshudwlyh Ghflvlrq Pdnlqj/￿ Fdpeulgjh X1 Suhvv/ Qhz
\run/ 4<;;1
67^47‘ K1 Prxolq/ Xqlirup H{whuqdolwlhv= Wzr D{lrpv iru Idlu Doorfdwlrq/ M1 Sxeolf
Hfrqrplfv1 76 +4<<3,/ 63806591
^48‘ K1 Prxolq/ Mrlqw Rzqhuvkls ri d Frqyh{ Whfkqrorj|= Frpsdulvrq ri Wkuhh
Vroxwlrqv/ Uhylhz ri Hfrqrplf Vwxglhv 8: +4<<3,/ 76<07851
^49‘ K1 Prxolq/ Doo Vruu| wr Glvdjuhh= D Jhqhudo Sulqflsoh iru wkh Surylvlrq ri
Qrqulydo Jrrgv/ Vfdqglqdyldq M1 Hfrqrplfv <7/ 4/ +4<<5,/ 6:0841
^4:‘ H1 Rn dqg O1 Nudqlfk/ Wkh Phdvxuhphqw ri Rssruwxqlw| Lqhtxdolw|= D
Fduglqdolw|0Edvhg Dssurdfk/ Vrfldo Fkrlfh dqg Zhoiduh 48 +5,/ +4<<;,/ 59605;:1
^4;‘ P1 M1 Rveruqh dqg D1 Uxelqvwhlq/ ￿D Frxuvh lq Jdph Wkhru|/￿ Wkh PLW Suhvv/
Fdpeulgjh/ Pd/ 4<<71
^4<‘ H1 Sd}qhu dqg G1 Vfkphlgohu/ D Gl!fxow| lq wkh Frqfhsw ri Idluqhvv/ Uhylhz ri
Hfrqrplf Vwxglhv 74 +4<:7,/ 77407761
^53‘ H1 Sd}qhu dqg G1 Vfkphlgohu/ Hjdolwduldq0Htxlydohqw Doorfdwlrqv= d Qhz Frq0
fhsw ri Hfrqrplf Htxlw|/ Txduwhuo| M1 ri Hfrqrplfv 7 +4<:;,/ 9:409;:1
^54‘ W1 Slnhww|/ H{lvwhqfh ri Idlu Doorfdwlrqv lq Hfrqrplhv zlwk Surgxfwlrq/ M1 Sxeolf
Hfrqrplfv 88 +4<<7,/ 6<407381
^55‘ M1 H1 Urhphu/ H{sorlwdwlrq/ Dowhuqdwlyhv dqg Vrfldolvp/ Hfrqrplf M1 <5 +4<;5,/
;:043:1
^56‘ M1 H1/ Urhphu/ Htxdolw| ri Wdohqw/ Hfrqrplf Sklorvrsk|1 4 +4<;8,/ 48404;:1
^57‘ M1 H1/ Urhphu/ Wkh Plvpduuldjh ri Edujdlqlqj Wkhru| dqg Glvwulexwlyh Mxvwlfh/
Hwklfv <: +4<;9,/ ;;04431
^58‘ M1 H1/ Urhphu/ ￿Wkhrulhv ri Glvwulexwlyh Mxvwlfh/￿ Kduydug X1 Suhvv/ Fdpeulgjh/
Pd/ 4<<91
^59‘ M1 H1/ Urhphu dqg M1 Vloyhvwuh/ Wkh Sursruwlrqdo Vroxwlrq iru Hfrqrplhv zlwk
Erwk Sulydwh dqg Sxeolf Rzqhuvkls/ M1 Hfrqrplf Wkhru| 8< +4<<6,/ 75907771
^5:‘ D1 N1/ Vhq/ Vrfldo Fkrlfh Wkhru|1 Lq N1 Duurz dqg P1 Lqwuloljdwru/ hgv1/ ￿Kdqg0
errn ri Pdwkhpdwlfdo Hfrqrplfv￿ Yro1 6/ ss1 43:6044;4/ Dpvwhugdp= Qruwk0
Kroodqg/ 4<;91
68^5;‘ D1 N1/ Vhq/ ￿Wkh Vwdqgdug ri Olylqj/￿ Fdpeulgjh X1 Suhvv/ Fdpeulgjh/ Pd/
4<;:1
^5<‘ K1 Vwhlqkdxv/ Wkh Sureohp ri Idlu Glylvlrq/ Hfrqrphwulfd 49 +4<7;,/ 43404371
^63‘ Z1 Wkrpvrq/ Dq Lqirupdwlrqdoo| H!flhqw Htxlw| Fulwhulrq/ M1 Sxeolf Hfr0
qrplfv 4; +4<;5,/ 57605961
^64‘ Z1 Wkrpvrq/ Srsxodwlrq0Prqrwrqlf Doorfdwlrq Uxohv1 Lq Z1 Eduqhww hw do1
+hgv1,/ ￿Vrfldo Fkrlfh/ Zhoiduh dqg Hwklfv￿1 Fdpeulgjh/ Fdpeulgjh X1 Suhvv/
4<<81
^65‘ Z1 Wkrpvrq/ ￿Frqvlvwhqw Doorfdwlrq Uxohv￿/ Urfkhvwhu Fhqwhu iru Hfrqrplf
Uhvhdufk/ ZS Qr1 74;/ 4<<91
^66‘ Z1 Wkrpvrq dqg W1 Ohqvehuj/ ￿D{lrpdwlf Wkhru| ri Edujdlqlqj zlwk d Yduldeoh
Qxpehu ri Djhqwv/￿ Fdpeulgjh X1 Suhvv/ Qhz \run/ 4<;<1
^67‘ Z1 Wkrpvrq dqg K1 Yduldq/ Wkhrulhv ri Mxvwlfh edvhg rq V|pphwu|1 Lq O1
Kxuzlf} hw do1 +hgv1,/ ￿Vrfldo Jrdov dqg Vrfldo Rujdql}dwlrq= Hvvd|v lq Phpru|
ri Holvkd Sd}qhu￿ +ss1 43:045<,1 Fdpeulgjh/ Fdpeulgjh X1 Suhvv/ 4<;81
^68‘ H1 F1 F1 Ydq Gdpph/ Wkh Qdvk Edujdlqlqj Vroxwlrq lv Rswlpdo/ M1 Hfrqrplf
Wkhru| 6; +4<;9,/ :;04331
^69‘ K1 Yduldq/ Htxlw|/ Hqy| dqg H!flhqf|/ M1 Hfrqrplf Wkhru| < +4<:7,/ 960<41
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